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Abstract
X-ray crystallography is the main tool for the structural analysis of molecules today. One
of its main subtasks is the phase retrieval problem. In this thesis, the phase retrieval problem is discussed in the context of the optimal transport. Phase retrieval is formulated as
an energy minimization problem on the quadratic Wasserstein space, and a corresponding gradient flow equation is presented. Under certain conditions, the considered energy
functional exhibits signs of local λ-geodesic convexity.

Zusammenfassung
Die Röntgenanalyse ist heutzutage die zentrale Methode zur Bestimmung der Struktur
von Molekülen. Eine ihrer Zentralaufgaben ist das Phasenrekonstruktionsproblem. In
dieser Arbeit, Phasenrekonstruktion ist im Kontext des optimalen Transportes vorgestellt.
Phasenrekonstruktion ist als ein Energieminimierungsproblem auf dem quadratischen
Wassersteinraum formuliert, und die zugehörige Gradientenflussgleichung ist hergeleitet.
Unter gewissen Bedingungen, die betrachtete Energie zeigt die Eigenschaft der lokalen
λ-geodätischen Konvexität.
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I especially thank Dominik Jüstel for his help, patience, and fruitful discussions during
the work on this thesis. Without his guidance and insightful questions this thesis would
lose a great deal in its quality.
I would like to thank Horst Osberger for helpful mathematical discussions on the numerical
implementation of optimal transportation algorithms.
Finally, I thank my parents for their love, patience and support.

1

Notation
d dimension of an image
x, y, ... variables in object space Rd
k, l, ... variables in Fourier space Rd
t real-valued variable (“time parameter”)
f density of the investigated object

A square root of the measured signal A = |fˆ|
g, gt densities of objects (approximations to f , functions from Rd to R)
P(Rd ) space of measures on Rd
Pac (Rd ) space of absolutely continuous measures on Rd
Pw (Rd ) the quadratic Wasserstein space on Rd
dw (·, ·) the quadratic Wasserstein metric on Rd
ν, µ, µt measures, elements of P(Rd ) that generalize densities f, g, gt
X space that contains approximations g, gt
Fourier transforms are denoted by a circumflex
F(), F −1 () alternative notations for forward (resp. backward) Fourier transform
P the set of non-negative functions
M the set of the functions with Fourier transform modulus equal to A
PP , PM projections onto P and M , respectively
arg() phase of a complex-valued function (i.e. ĝ = |ĝ| · ei·arg(ĝ) ); by convention, arg(0) = 0
Variables in object and Fourier spaces are sometimes written as indices, e.g. ĝk = ĝ(k)
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Introduction
The X-ray crystallography is one of the major methods for studying molecular structures.
Its methods have been developed for over 100 years, and the relatively recent discovery
of quasicrystals has instigated further research in the area. However, the task of phase
retrieval connected to the crystallographic image recovery is still far from being well
understood.
One of the difficulties of phase retrieval is connected to the fact that the constraints
that define its solutions are formulated the coordinate space (non-negativity constraint,
but also support constraint, atomicity etc.) and in Fourier space (scattering amplitude
constraint), making it difficult to satisfy these conditions simultaneously. The driving idea
behind this thesis was to investigate phase retrieval as an energy minimization problem
on a space that would naturally embed the non-negativity constraint. Thus, it would be
enough if the energy would incorporate only the scattering amplitude condition.
A natural candidate for such a space is the quadratic Wasserstein space that has received
a high interest in the last decades. The quadratic Wasserstein space is one of the key
spaces in optimal transport theory; it is suited to describe transport of a measure from
an initial to final location. This setting appears natural in the context of phase retrieval:
it means that some initial random material distribution should be moved until it satisfies
the scattering amplitude condition - with other words, until all atoms are in the right
places. In optimal transport, the process of moving material around to minimize an
energy functional can be written as a gradient flow. The relation between the energy
minimization on the quadratic Wasserstein space and the equations corresponding to
gradient flows was first discovered in [1]. The task of this thesis is to investigate how the
energy functionals arising in phase retrieval are compatible to optimal transport theory.
This thesis tries to present some basic concepts of phase retrieval and optimal transport,
opting to explain the motivation and the interpretation behind the notions rather than
presenting results in their most general form. For example, most results in the optimal
transport description are discussed for absolutely continuous measures, although we try to
mention the general results whenever it can be done without lengthy discussions. Therefore, this thesis is meant to be rather an introductory work. This choice was made during
the initial writing periods and its significant drawback became apparent much later: to
profit from the full power of optimal transport and gradient flow theory, it is insufficient
to discuss the simplest cases. This is caused by the fact that the optimal transport theory
“works especially well” for λ-geodesically convex energy functionals, which is not the case
for phase retrieval. Still, the energy functions of phase retrieval appear to have enough
structure to discuss their gradient flows on the quadratic Wasserstein space.
This thesis is structured in the following way. In the first section, we motivate the structure
of phase retrieval constraints using X-ray crystallography (and geometrical plane wave
scattering) as a starting point to formulate the phase retrieval problem. We present phase
retrieval from two points of view: as the task of set intersection and as the task of energy
minimization, illustrating these with some examples of existing phase retrieval algorithms.
We also try to describe the difficulties that instigate considerations of phase retrieval on
spaces different from the usual choices (such as L2 (R), S(R) etc.). The essential aspects
of the first section are based on [2–4].
In the second section, we describe the very basics of the optimal transport, such as optimal
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maps, Monge and Kantorovich problems, the Brenier theorem and the time-dependent
formulation of the Monge-Kantorovich problem. We try to motivate the reason why the
quadratic Wasserstein space is so suited to describe not only the optimal transport, but
also phase retrieval, and why the notions are defined one way or another. This section is
mainly based on [5–7].
The last section introduces some machinery necessary to describe gradient flows based
on [7, 8]. Its second subsection unifies the topics of phase retrieval and optimal transport
and comprises the original results of this thesis. The example 3.14 presents an evolution
equation that describes displacement of a random density towards a solution of the phase
problem. The Proposition 3.17 is an indication of the connection between the phase
problem energy and λ-geodesic convexity.
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Phase retrieval
X-ray crystallography

The standard method for studying molecular structures is their reconstruction from Xray diffraction patterns. The phase retrieval problem appears as one of the tasks during
the reconstruction process. Namely, phase retrieval is a problem of finding an algorithm
that uses the X-ray diffraction patterns to propose a possible approximated solution of
the structure. Alghough in this thesis we discuss phase retrieval only in the context of
X-ray crystallography, this mathematical problem also appears in various areas, such as
astronomy, tomography, and others [9].
This subsection is structured in the following way. First, we mention some questions
that are closely related to phase retrieval and briefly review some historical milestones of
the X-ray crystallography. Second, we present a simplified case of geometric scattering
to motivate how the scattered X-rays are connected to the structure of the sample. We
use this connection to formulate the phase retrieval problem for structures described by
density functions with compact support: f ∈ Cc1 (Rd , R>0 ), d ∈ N. Lastly, we discuss some
ways in which phase retrieval can be generalized to other mathematical spaces (such as
the space of tempered distributions).
General remarks on image recovery and X-ray crystallography
The task of phase retrieval arises as a particular question in X-ray crystallography, but
it also appears in other areas, all of which can be unified under the notion “image recovery”. The common ground for all this areas is the following setup: some measurement
of an object f is performed, and data A is recovered. For example, in context of X-ray
crystallography, the data A corresponds to the intensity of the scattered X-rays. In the
case of coherent diffraction imaging (CDI), the data A corresponds to the intensity of the
scattered X-rays measured on the two-dimensional screen by a detector far beyond the
studied object.
Using the data A (and some additional knowledge of the measurement), one tries to make
certain statements about the source f that produced A. There are various particular
questions connected to the reconstruction process: how is the data A connected to the
source f ? Is it possible to recover f from A, or, at least, recover an estimation g that
is “close” to f ? To which degree is it possible to recover f if the data is contaminated
by noise? Is there an additional (a priori) information that can be used during the
reconstruction of f ? The phase problem concerns itself with the following question:
assuming that at least one solution exists and the noise can be ignored, how to construct
an algorithm that would recover an approximation g describing the studied structure?
To answer this question, it is necessary to know the details of the measurement process.
We shall discuss how these details look in the case of X-ray crystallography. (Many of the
notions described below are also relevant for methods related to the X-ray crystallography,
such as Coherent Diffraction Imaging [10], Ptychography [11], or others [2]).
X-ray crystallography was pioneered in 1912, when the diffraction images of crystals
were obtained in Wilhelm Röntgen’s laboratory in Munich by Max von Laue, Walter
Friedrich and Paul Knippig [12](M. v. Laue received the Nobel Prize in Physics 1914 for
this discovery). In the following year, William Henry Bragg and William Lawrence Bragg
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used X-ray scattering to resolve the first crystal structures [13]. These discoveries started
what turned out to be one of the major methods for studying molecular structures (see,
e.g., [14] for a detailed description of the developement of crystallography). Among more
recent notable contributions in that area one could name the mathematical work on phase
retrieval by Herbert Hauptman and Jerome Karle [15] (Nobel Prize for Chemistry 1985)
and the discovery of quasicrystals by Dan Shechtman [16] motivated by X-ray diffraction
data (Nobel Prize for chemistry 2011).
Let us briefly motivate the reason behind the succsess of X-ray crystallography. With
other words, we shall try to explain why the X-rays are a very suitable choice for the
scattering beam, and why the crystalline structures can be studied particularly well.
Assume that we want to determine the molecular structure of an object, that is, to find
out the position of its constituents relative to each other. This structure can be thought of
as a three-dimensional image with the resolution of about 1 Ångstrom (which is the same
as the diameter of the hydrogen atom or the distance between atoms in a water molecule).
To observe effects at this resolution, it is necessary to use beams of comparable wavelength
(cf. example 1.1). The first known beams of this wavelength were photon beams, namely
the X-rays, discovered in 1895 by Wilhelm Röntgen1 .
Crystals are particularly suited to be studied due to the sharp peaks exhibited by the scattered X-rays. For a long time, crystals were thought of as structures that exhibit certain
internal symmetry; this symmetry leads to the appearance of the bright spots (known as
“Bragg peaks”) in the diffraction pattern. However, with the discovery of quasicrystals it
was shown that there exist structures whose diffraction pattern shows symmetry that is
incompatible with symmetric three-dimensional sample lattices. According to the current
definition of the International Union of Crystallography (IUCr) [18], a material is a crystal if it has essentially a sharp diffraction pattern (meaning that most of the intensity of
the diffraction is concentrated in relatively sharp Bragg peaks, besides the always present
diffuse scattering). With other words, the contemporary definition of crystals implies that
they are especially suited to be resolved by means of stydying their diffraction patterns.
The usage of computational algorithms to solve crystalline structures is motivated by
the fact that many object of interest posess a relatively complicated inner structure.
For example, diffraction data is used as complementary information in resolution of some
protein molecules; these molecules often consist of several thousands of atoms and present
a challenge to phase retrieval algorithms (examples can be found in [19]).
Let us now motivate the connection between the sample density f and the scattering
intensity registered by a detector far beyond the probe. Strictly speaking, the following
example motivates coherent diffraction imaging rather than the crystallographic approach;
however, they show some similarities that are important for phase retrieval. It is also important to keep in mind that the following example of geometric scattering is a rather
heuristic chain of arguments. The generalized result can be derived for plane wave scat1

Of course, photons are not the only option for the incident particles; in transmission electron microscopy (TEM), electrons with the appropriate energy are scatterd on the source. Having de Broglie
wavelength of the order of several picometers (one hundredth of the X-ray wavelength), electrons provide
relatively good resolution. Another choice for the beam particles are neutrons. Due to the different scattering properties, all techniques have their specific details and can be used to complement each other. A
beam is characterized by such properties as specimen damage, contrast and resolution for given specimen
thickness, beam energy and beam presicion. For more details on the applied imaging techniques, see,
e.g., [17].
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tering using the Maxwell equations, which was shown by Gero Friesecke, Richard James,
and Dominik Jüstel in [2, 20, 21] (cf. theorems 1.6, 1.7). The following example is based
on [22].
Example 1.1 (Geometric scattering, field produced by identical oscillators). In this
example, we derive how the amplitude AP of the scattered wave depends on the angle ∆φ between the incoming wave and the line from source to the detector. Consider
the following situation in the two-dimensional plane: a plane wave with the wavevector
k = (k0 , 0) is scattered by N identical atoms placed on a line with equal distance d from
each other(Fig. 1). The grid is placed perpendicularly to the wave propagation direction:
the position of n-th atom is given by the coordinate xn = (0, dn), n ∈ N. Each of the
atoms acts as an oscillator driven by the incoming wave. Since the plane wave is perpendicular to the grid, all oscillators have the same phase: for atoms n1 , n2 ∈ {0, . . . , N − 1}
the amplitude An1 (xn1 , t) of the wave created by the atom n1 at the point xn1 is equal to
(has the same phase as) the amplitude An2 (xn2 , t) created by the atom n2 at xn2 :
An1 (xn1 , t) = An2 (xn2 , t).
Assume that a screen is placed in the distance R  d (far-field limit) beyond the detector.
Figure 1: Object density and the resulting X-ray image.

The incident plane wave with wavevector k excites N idencal atoms. The superposition
of the emitted waves is measured at the point P far beyond the grid.
Consider a point on the screen P = (R, xP ) which has the angle θ to the normal of the
grid: tan(θ) = xP /R. We would like to know the phase difference at the point P between
the waves emitted by two neighbouring atoms - namely, the atoms placed at x0 = (0, 0)
and x1 = (0, d). For R  d, the distance from the atom placed at (0, 0) to P is by d sin θ
longer than the distance from the atom with coordinates (0, d). The number of waves in
the segment with length d sin θ is equal to d sin θ/λ, where λ = 2π/k is the wavelength of
the incoming wave. The phase difference of the two waves at the point P is given by
d sin θ
∆φ = 2π
.
(1.1)
λ
Constructive interference is achieved when the phase difference is a multiple of 2π (this
is exactly when the maxima of the two waves overlap at P ):
2πm =

2πd sin θ
,
λ

m ∈ Z,
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or
λm = d sin θ,

m ∈ Z.

(1.2)

Now, we can calculate the total amplitude at the point P . Namely, it is the superposition
of amplitudes of all the atoms:
A=

N
−1
X

Ax0 ,P cos(n∆φ) = Ax0 ,P

n=0

sin(N ∆φ/2)
,
sin ∆φ/2

(1.3)

where Ax0 ,P is the amplitude at the point P of the wave emitted by the atom placed at
x0 . (The amplitude dependencies on the time t or distance to the detector R are hidden
in the amplitude Ax0 ,P , since these quantities impact the absolute values of the measured
signal and not the relative intensity or position of its constituents.) The intensity I of
the total wave at the point P is given (up to a constant) by the following expression2 :
I(∆φ) ∝ A2 (∆φ) = A2x0 ,P

sin2 (N ∆φ/2)
.
sin2 ∆φ/2

(1.4)

This function is plotted in Fig. 2. In the interval (0, 2π), it exibits sharp peaks at


(2m + 1)π
∆φ ∈ {0} ∪
,m∈N .
N
Using the Taylor expansion of the intensity in ∆φ
, one can obtain approximate intensity
N
values; for the first peak,
I(0) = A2x0 ,P · N 2 ;
for the next peak the intensity is

I

3π
N



= A2x0 ,P



2N
3π

2


+O

∆φ
N

3 !
.

Therefore, the intensity of the second maximum constitutes about 4/9π 2 ≈ 0.045 of
the intensity at ∆φ = 0 (for crystals described by the gitter with an infinite support,
these secondary peaks are not present at all). The intensity I is 2π periodic in ∆φ.
Hence, the most notable peaks appear at ∆φ = 0, 2π, . . . etc., which (inserted in (1.1))
reaffirms equation (1.2). We see that for N oscillators — very similar to the case two
oscillators — the most notable peaks occur when the angle θ to the detector satisfies
equation (1.2). These sharp intensity peaks can be experimentally seen as bright spots
(also known as “Bragg peaks” [23]). These spots, their relative position and brightness
provide the information which makes reconstruction of the sample possible. Depending
on the modeling, these peaks can be described as Dirac delta distributions or as sharply
peaked density functions.
Note that the trivial peak at θ = 0 is always present; it is the beam emitted by the source
in the forward (and backward) direction of the incoming wave. This beam can be thought
of as transmitted (reflected) part of the incoming wave; considered only by itself, it can
not help us resolve the structure.
2

The sign ∝ is used with the meaning “proportional to”.
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Figure 2: Wave intensity measured in the far field limit.

Rescaled Intensity, I/(Ap N)2

1.0
f(∆φ) = I(∆φ)/(Ap N)2
10 ·f(∆φ)

0.8
0.6
0.4
0.2
0.00

2π/N

2 ·2π/N

3 ·2π/N

4 ·2π/N

5 ·2π/N

Wave phase difference, ∆φ
The intensity of the wave measured at the point P (scaled so that its maximal value
equal to 1; N = 10).
Remark 1.2. The presented example motivates the following observations. First, it is,
indeed, necessary to use rays with a wavelength that is comparable to the scale of the
sample. Indeed, for d < λ, equation (1.2) is satisfied only for m = 0; there is only one
peak in the forward direction (there is also a peak in the backward direction), and the
information about the inner structure is not present in the form of multiple peaks.
Second, one can anticipate that diffraction patterns obtained by plane wave scattering
are connected with the Fourier transform: in equation (1.4), the sum contains the term
cos(n∆φ) = cos(nkd sin θ), and it is taken over the points in space where the atoms are
placed. With other words, this sum has the form of a Fourier series that transforms the
variable n (describing the gitter structure) to the variable ∆φ = kd sin(θ) (describing the
scattered intensity). In the case when the density is described by a continuous function,
a Fourier transform appears in place of the sum. The conditions for the points in space,
where the scattered intensity shows maxima (points of the constructive interference of
the scattered waves) are known as the von Laue condition. This condition can be derived
from the Maxwell equations for plane waves scattered on crystallic structures, which was
shown in [2,20,21]. To present this result, we first recall some definitions and results from
the Fourier analysis and crystallography [2, 20, 24, 25].
Definition 1.3 (Fourier transform and inversion theorem on L1 ). Let f ∈ L1 (Rd ). Then
its Fourier transform fˆ: Rd → C is defined as3
fˆ(k) = F(f )(k) :=

Z

f (x)e−ikx dx, k ∈ R3 .

(1.5)

Rd
3

Here and further, for two vectors k, x ∈ Rd , expressions kx and k · x are both used to denote scalar
product of the vectors.
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When fˆ ∈ L1 (Rd ), then f can be reconstructed pointwise a.e. by
Z
1
−1
f (x) = F (f )(x) :=
fˆ(k)eikx dk, for a.e. x ∈ R3 .
d
(2π) Rd
The transformation fˆ →
7 F −1 fˆ is called the inverse Fourier transform.
Definition 1.4 (Bravais lattice, reciprocal lattice). A d-dimensional Bravais lattice B ⊂
Rd is a set of the form
B = AZd

with A ∈ GLd (R).

(1.6)

The reciprocal lattice B ⊥ ⊂ Rd is defined as
B ⊥ = {k ∈ Rd | k · b ∈ 2πZfor all b ∈ B}.
By δB we denote the tempered distribution associated to the Bravais lattice:
X
δB =
δb ,

(1.7)

(1.8)

b∈B

where δb is the Dirac delta distribution.
Definition 1.5 (Fourier transform and convolution on tempered distributions). Recall
the space of tempered distributions S 0 (Rd ) that is defined as the dual of the Schwartz space
S(Rd ). For a tempered distribution T ∈ S 0 (Rd ) and ξ ∈ S(Rd ), the Fourier transform
Tb ∈ S 0 (Rd ) is defined by
b
Tb(ξ) := T (ξ).
For φ ∈ S(Rd ), the convolution T ∗ φ ∈ S 0 (Rd ) is defined by
(T ∗ φ)(ξ) := T (φ− ∗ ξ),
with the notation φ− (x) = φ(−x).
Theorem 1.6 (von Laue condition [2, 20, 21]). Consider a structure with the density
f = δB ∗ ϕ ∈ S 0 (Rd ), with a Bravais lattice B and a Schwartz function ϕ ∈ S(R3 )
modeling the electron density of the atoms. Then, the scattering intensity is proportional
to
 2
 
kinc
ω x
⊥
b
−
for a.e. x ∈ R3
(1.9)
I(x) ∝ (P (x )n)f
c |x| |kinc |
where ω is the angular wave frecuency of the incoming wave, c is the speed of light, x ∈ R3
is the coordinate of the intensity and kinc is the wavevector. The complex amplitude of
the scattered plane wave is denoted by n ∈ R3 (with k · n = 0), and P (x⊥ ) : R3 → R3
denotes the projection onto the plane perpendicular to the vector x.
With other words, this theorem states how the scattering intensity is related to the Fourier
transform of the density. Note that the Fourier transform of a Bravais lattice is proportional to the reciprocal Bravais lattice [2, 20, 21], and the constructive interference in
x
inc
equation (1.9) occurs if and only if ωc |x|
− |kkinc
is an element of B ⊥ . In particular
|
(which is even more surprising), destructive interference occurs off the reciprocal lattice.
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Theorem 1.7 (Coherent Diffraction Imaging [2,20,21]). Consider the situation described
in the previous theorem, denote the object density by f3D . Assume that the incoming
plane wave propagates in the direction x3 , and a detector is placed in the plane that is
perpendicular to the incoming plane wave and has the distance R to the sample. The twodimensional
measured intensity I(k1 , k2 ) is related to the planar projection f (x1 , x2 ) =
R
f (x , x2 , x3 ) dx1 of the density function. Namely, it holds
Rd 3D 1
2
 2

ωk
|k|
ωk
2
1
,
+O
I(k1 , k2 ) = fb
cR cR
R2
in the far field limit R → ∞.
Let us recapitulate the most important points mentioned so far. The structure of studied
objects can be described by a function or by a tempered distribution. The intensity of
the scattered waves is related to the squared modulus of the Fourier transform of the
sample. (From the algorithmical point of view, the physical constants can be rescaled to
one). Note that in the context of this thesis, it shall be more convenient to work with the
scattering amplitude, defined as the Fourier transform modulus of the source density:
A(k) ∝ |fb(k)|.
With these conventions for the scattering amplitude holds A(k) ∝

p
I(k).

Figure 3: Object density and the resulting X-ray image.

The incident plane wave is scattered on an object with density f3D (x). Projecting this
function onto the two-dimensional density f (x), it is possible to show that in the far
2
field limit for the scattering intensity holds I(k) ∝ fb(k) . Introduce the scattering
amplitude A(k) = |fb(k)|, which is proportional to the square root of the scattered
intensity.

1.2

Phase retrieval problem

In this subsection we fix the mathematical context in which we shall discuss phase retrieval. First, we define phase retrieval for densities described by Schwarz functions. Then,
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we describe how the phase problem is usually generalized to the space of measures and
to the space of tempered distributions.
Definition 1.8 (Phase Problem, Phase Retrieval). Given the scattering amplitude A ∈ S(Rd , R>0 ),
find a Lebesgue measurable function ∈ S(Rd , R>0 ) such that
|fb(k)| = A(k) for a.e. k ∈ Rd

(1.10)

w.r.t. the Lebesgue measure on Rd . We call f the solution density to A. Consider the
following questions:
• Phase Problem: under which conditions does f exist? Under which conditions is it
unique?
• Phase Retrieval: assuming that at least one solution f exists, how to find it?
In this thesis, we discuss only phase retrieval; some information about the phase problem
can be found, e.g., in [2, 9].
Effectively, it is necessary to satisfy two conditions when searching for the function f :
[M] Modulus constraint, defined by eq. (1.10);
[P] Non-negativity constraint, i.e., the target set of the density f is R>0 .
The modulus condition itself is too ambiguous, and even in conjunction with the nonnegativity the problem remains rather underconstrained [2, 26]. In practice, one often
makes use of some additional information about f such as known support or the expected
number of atoms in the desired image [4].
The ultimate goal of this thesis is to investigate the connection between the phase retrieval
and energy minimization on the quadratic Wasserstein space, which shall be defined in the
next section. Since quadratic Wasserstein space is a space of measures, it is important
to discuss how phase retrieval is generalized to measures, which is done in the remark
below. Afterwards, we also mention how to generalize phase retrieval to crystalline and
quasicrystalline structures with infinite support.
First, we fix the following
Notation 1.9 (Measure spaces). Let P(Rd ) (Pac (Rd )) denote the space of Lebesgue measures on Rd (absolutely continuous Lebesgue measures on Rd , respectively).
Remark 1.10 (Generalization to measures). The goal of this remark is to generalize
phase retrieval to the case when the density of the structure is described by the measure
ν ∈ S 0 (Rd ; R>0 ). To do so, one requires an appropriate generalization of the statement
“(modulus of the Fourier transform of the structure)2 = measured scattering amplitude”.
For finite measures, the Fourier transform can be defined as the function
Z
ν̂(k) :=
e−ikx dν(x), k ∈ Rd ,
Rd
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for any ν(k) ∈ P(Rd ), since ν(Rd ) = 1 and |e−ikx | = 1, and the generalization of the equation (1.10) is straight-forward. For non-finite measures (whose importance for description
of crystalline structures can be seen in the definition 1.4), one can proceed as it is done
usually in the case of generalizing functions to distributions. Assume that the structure
to be resolved is described by the measure ν ∈ S 0 (Rd ; R>0 ) that generalizes the density
function f . Then, it is necessary to search for a distribution γ
bν : S(Rd ) → C such that
Z
ϕ(k)|fb(k)|2 dk, ϕ ∈ S(Rd ; C),
(1.11)
γν (ϕ) =
Rd

in the regular case (i.e., in the case when ν ∈ Pac (Rd ) with the density f ∈ L1 (Rd ) ∩
L2 (Rd )). If such an operator is found, the condition (1.10) can be rewritten as
Z
γ
bν (ϕ) =
ϕ(k)A(k)2 dk, for all ϕ ∈ S(Rd ; C),
(1.12)
Rd

and the goal of phase retrieval is to find the corresponding γν . To establish the relationship
between γ
bν and f in the regular case, consider the measure ν ∈ Pac (Rd ) with the density
f . Use the following notation for the “flipped” measure: ν̃(φ) = ν(ϕ̃), where ϕ̃(x) =
ϕ∗− (x) := ϕ∗ (−x) for any (complex-valued) functions ϕ ∈ S(Rd ). Then, the equality
Z Z
Z Z
b
[
γ̂ν (ϕ) := ν ∗ ν̃(ϕ) = ν ∗ ν̃(ϕ)
b =
φ(x + y)dν(x)dν̃(y) =
ϕ(x
b + y)f (x)f−∗ (y) dxdy
d
d
d
d
R
R
R
R
Z Z
Z


ϕ(z)f
b
(x)f−∗ (z − x) dxdz =
ϕ(z)
b
f ∗ f−∗ (z) dz
=
d
d
d
R
R
R
Z Z
Z


−ikz
∗
e
ϕ(k) f ∗ f− (z) dkdz =
ϕ(k)f\
∗ f−∗ (k) dk
=
d
d
d
R
R
R
Z
Z
Z
 ∗
∗
ϕ(k)fb(k) fb (k) dk =
ϕ(k)fb(k)fc
ϕ(k)|fb(k)|2 dk
(1.13)
=
− (k) dk =
Rd

Rd

Rd

holds for any test functions ϕ ∈ S(Rd ). Since f is interpreted as a densitiy (non-negative
and real-valued), the use of the complex conjugation f ∗ may seem somewhat redundant.
However, when we construct various functions g approximating f , it can be profitable to
allow the most general form of approximations g. The measure γν = ν ∗ ν̃ is known as
the autocorrelation measure of ν.
Remark 1.11 (Generalization to crystals and quasicrystals). Canonical crystal structures
are usually described as tempered distributions associated to a Bravais lattice with a welldefined Fourier transform given (up to scaling factors) by the reciprocal Bravais lattice
(cf. Thm 1.6 or [2, App. C]).
The discovery of quasicrystals [16] encouraged research in diffraction of aperiodic structures (see, e.g., [27] for an informal review). Quasicrystals can be characterized by the
following property: their diffraction spectrum contains “Bragg peaks”, but the symmetry
of the spectrum cannot occur in three-dimensional periodic structures (the symmetry is
“crystallographically forbidden”). The mathematical treatment of quasicrystals was pioneered in [23] and has been substantially developed since that time [26]. A common way
to describe a quasicrystal is to consider a so-called Delone set Λ ⊂ Rd with the following
properties: i) there is a minimum distance d between any pair of points of Λ; ii) there
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exists δ > 0 such that any sphere with radius δ contains at least one point of Λ (with
other words, the points of Λ are neither too close nor too sparse). Then the structure of
the crystal is described by the weighted Dirac comb
ν=

X

f (x)δx ,

(1.14)

x∈Λ

where δx is the Dirac delta measure and f (x) ∈ C represents the scattering weight of an
atom at position x (these conditions may be relaxed [23]). The autocorrelation measure
of ν is formally defined as the limit
γν,comb = ν ~ ν̃ := lim

D→∞

ν|D ∗ ν̃|D
,
vol(BD )

(1.15)

where ν|D denotes the restriction of the measure ν to the open ball BR (0), and ν̃ is the
“flipped” measure defined in the previous remark. With other words, to generalize measures to lattices, it is necessary to check that the new autocorellation measure γν,comb is
well-defined for the Dirac comb ν. The operator ~ (also known as the Eberlein convolution) is the volume-averaged analogue of the ordinary convolution. Assuming that the
autocorrelation measure γν,comb exists, its Fourier transform γ
bν,comb is a well-defined (in
the distributional sense) positive measure, called the diffraction measure. It describes the
scattering intensity observed in the experiment, and it has a unique decomposition in the
form
γ
bν,comb = γ̂p + γ̂ac + γ̂cc ,
where γp denotes the point part (consisting of countably many Bragg peaks), γac denotes
the absolutely continuous part, and γsc denotes the singular continuous part (comprising
everything that is left). This decomposition may show some surprising properties; for
example, there are ordered (created by a deterministic rule) Dirac combs that have purely
absolutely continuous spectrum (with the exception of the trivial Dirac peak at zero) [26].

1.3

Some approaches to phase retrieval

It is possible to describe phase retrieval from several perspectives [3, 4, 28], each having
its advances and drawbacks. There are two ways especially important for our further
discussion: set intersection formulation and gradient flow formulation of phase retrieval.
This subsection is structured in the following way. First, we formulate phase retrieval as
a set intersection problem. We use this notation to write down some of the classical phase
retrieval algorithms. Then, we define the notion of an energy functional that shall describe
whether an approximation is close to the phase problem solution density or not. Using this
definition, it is possible to formulate phase retrieval as an energy minimization problem.
In particular, one of the phase retrieval algorithms (the error reduction algorithm) can be
rewritten as a method of steepest descent for an appropriate energy functional.
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Phase retrieval as set intersection problem
Definition 1.12 (Fourier modulus set, non-negative set). Consider the phase problem
with the density f and the scattering amplitude A. Define the following sets:
M = { g ∈ S(Rd ) | |b
g | = A a.e. },
P = { g ∈ S(Rd ) | g > 0 }.

(1.16)

(The Schwartz space S(Rd ) is one of the possible choices; the definitions of M and P
apply mutatis mutandis for any other space where the Fourier transform is well defined.)
With this notation, the phase retrieval problem can be formulated as follows: find an
element of M ∩ P . This formulation is very compact, but does not provide any guidelines
on how to find such elements. To make it more specific, one could try to find some
properties of the defined sets; avoiding a thorough discussion, we would like to point
out a specific relation of phase retrieval with convexity: namely, M ∩ P is “almost” an
intersection of two convex sets.
It is easy to see that the set P of non-negative functions is convex. The set M is itself
not convex, but it is a boundary of a convex set: let M6A = { g ∈ L2 (Rd ) | |b
g | 6 A a.e. }.
The set M6A is, indeed, convex: for two elements f, g ∈ M6A and a parameter t ∈ (0, 1),

g (k)| 6 (1 − t)|fb(k)| + t|b
g (k)|
F (1 − t)f (k) + tg(k) = |(1 − t)fb(k) + tb
6 (1 − t)A(k) + tA(k) = A(k)
holds for almost all k ∈ Rd .
Using this observation, one could try to approach phase retrieval using methods of convex
optimization (the task of finding the intersection of two convex sets). Indeed, there is a
corresponcence between many algorithms in phase retrieval and convex optimization [28].
The set intersection formulation allows us to write down some phase retirieval algorithms
in a brief and elegant way; it also provides some helpful starting points to solve phase
retrieval. Intuitively, we can expect that the best way to “land” in the intersection set
M ∩ P is to guess some initial density and consecutively apply projections onto sets P
and M . These projection operators can be written out explicitely: for g ∈ L2 (Rd ),
(

g(x), if g(x) > 0;
1
(1.17)
PP g(x) = g(x) − |g(x)| =
2
0 otherwise;



gb
−1


F
A·
(x), if gb(x) 6= 0;
|b
g|
PM g(x) = F −1 A · ei·arg(bg) =
(1.18)
 −1 
F
A (x) otherwise.
The argument function arg() returns the phase of a complex function; by convention,
arg(0) = 0. One can easily check that PP and PM are, indeed, projections [28].
Example 1.13. Using the defined projection operators, we now write down some of the
phase retrieval algorithms:
(ER)
(BIO)
(HIO)

gn+1 = PP ◦ PM gn ,
gn+1 = (1 − βPM + βPP ◦ PM )gn ,
gn+1 = (1 − PP − βPM + (1 + β)PP ◦ PM )gn ,

(1.19)
(1.20)
(1.21)
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with parameter β ∈ R; gn is a sequence of approximations with random g0 ∈ L2 (Rd ).
These iteration methods are known as error reduction (also Gerchberg-Saxon), basic
input-output and hybrid input-output algorithms, respectively. The error reduction algorithm is one of the simplest phase retrieval algorithms. Each approximation produced by
(ER) is non-negative. The drawback of the error reduction algorithm is its poor convergence: after several iterations, the iteratives often stay very close to each other (stagnation
behaviour) despite being far from the convergence point (see below for presize definition
of “proximity”). Such stagnation may persist for a very long time. The algorithms (BIO)
and (HIO) were designed to “disturb” the approximations of (ER) in an attempt to force
the iterations out of the stagnation region. The initial density g0 can be a random nonnegative function. See [4, 28] and the references therein for the detailed discussion and
other examples of phase retrieval algorithms.
Example 1.14. A very promising phase retrieval algorithm is the difference map algorithm [4]. Consider the update step
(DM)

gn+1 = (1 + βD)gn ,

β ∈ R,

(1.22)

where β > 0 is the step length, and D is a difference operator of the form
D = P1 ◦ ψ2 − P2 ◦ ψ1 .

(1.23)

with projections P1 = PP , P2 = PM : S(Rd ) → S(Rd ). The operators ψ1 , ψ2 : S(Rd ) →
S(Rd ) are some operators that must be tuned in a certain way. Namely, for appropriately
chosen ψ1 , ψ2 , the fixed points of equation (DM) are attractive. One of the possible
choices for the functions ψi , i ∈ {1, 2}, is the following:
ψi (g) = (1 + γi )Pi (g) − γi g,

γi ∈ R.

(1.24)

Then, ψi (g) lies on the line connecting current approximation g and its projection Pi g,
and
(DMsp )

gn+1 = (1 − βγ2 PP + βγ1 PM + β(1 + γ2 )PP ◦ PM
− β(1 + γ1 )PM ◦ PP )gn ,

(1.25)

Referring for the detailed discussion of the difference map to [4], we remark that the
(HIO) algorithm is a particular case of (DM) for P1 , P2 , ψ1 , ψ2 as defined above, and
γ1 = −1, γ2 = β −1 .

Energy functional
To determine whether an algorithm is any good, we need an estimate E to tell us how
“close” the current approximation gn is to the desired density f . The quantity E should
be an error of some sort, i.e. it should be minimal if the solution gn = f is found. With
other words, it should incorporate the conditions [M] and [P] in some way. The domain of
such an error functional should contain all possible approximations generated by a given
algorithm.
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Figure 4: Heuristic illustrations of (ER) and (DM).

a)

b)

g0

g1

P

g2
g3

g0

β·D(gn)
g1

P Mg0

M
ψ2(gn)

P Mg1
γ(PP(gn)-gn)

M

P
ψ1(gn)

PPψ2(gn)
D(gn)
PMψ1(gn)

a) Sketch of the (ER) stagnation behaviour; b) Sketch of the (DM) step.
Notation 1.15 (Approximation set). Consider a phase retrieval algorithm defined by
some operator H : S(Rd ) → S(Rd ) with the following prescription:
gn+1 = H(gn ).

(1.26)

We call the set X ⊆ S(Rd ) an approximation set to this phase retrieval algorithm, if for
all g ∈ X holds H(g) ∈ X . With other words, the set X is invariant under the action of
the operator H.
This definition allows us to characterize properties of some algorithms. For example, for
the error reduction algorithm (1.19), the set X = P is an approximation set: at the
end of each step, a projection PP is applied, so the algorithm produces only non-negative
approximations. Since a sensible algorithm should be able to produce the solution density
f , it is important to check the inclusion f ∈ X . (But this is, of course, not strictly
necessary: the algorithm may be viable if it produces an approximation f˜ ∈ X that is
sufficiently close to f ∈
/ X .)
Note that sometimes we shall first define an approximation set X and only later opt for an
algorithm that shall produce approximations in X (this does not cause any contradictions
as long as we check that the chosen algorithm does indeed leave X invariant).
Definition 1.16 (Energy functional). Consider phase retrieval with density f , scattering
amplitude A, and approximation set X . We call a functional E : X → R>0 an energy
functional (or an error functional), if
P ∩ M = arg min E[g].

(1.27)

g∈X

If only
P ∩ M ⊆ arg min E[g]

(1.28)

g∈X

is true, we call E a relaxed energy functional.
Example 1.17. As already mentioned, the error reduction algorithm keeps the approximates gn always non-negative; therefore, an energy functional for this algorithm can
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ignore the non-negativity constraint. A possible choice could be
1
EM [g] = k(1 − PM )gk22
2
for X = S(Rd ; R>0 ); k · k2 denotes the L2 -norm. The functional EM is equal to zero
exactly when the modulus constraint is satisfied. We can easily verify that EM is an
energy functional:
⊆:
⊇:

f ∈ P ∩ M =⇒ PM f = f =⇒ EM [f ] = 0;
(
(
f ∈X
f ∈P
=⇒
=⇒ f ∈ P ∩ M.
EM [f ] = 0
PM f = f

For an algorithm that does not produce strictly non-negative functions, an energy functional can incorporate the constraint [P] as well. The energy functional EM defined above
is one of the simplest energy functionals describing the modulus constraint; it shall appear
multiple times during further discussion and deserves a proper notation.
Definition 1.18 (Modulus energy functional). Consider phase retrieval with density f ,
signal A and approximation set X ⊆ L2 (Rd ). The error functional
1
EM [g] = k(1 − PM )gk22
2

(1.29)

is called the modulus energy functional. Using Plancherel’s theorem, one can rewrite EM
in a more convenient form: for g ∈ X ,
Z
2
1
1
2
F −1 gb(k) − A(k)ei arg(bg(k)) dk
EM [g] = kg − PM gk2 =
2
2 Rd
Z
1
1
2
2
|b
g (k)|ei arg(bg(k)) − A(k)ei arg(bg(k)) dk =
|b
g | − A 2 . (1.30)
=
d
d
2(2π) Rd
2(2π)
The notion of the energy functional is an important tool to analyze the behaviour of
various algorithms. For example, one can show that the modulus energy functional is
non-increasing for the error reduction algorithm. This is stated in the following lemma.
Lemma 1.19. Consider phase retrieval with f, A ∈ L2 (Rd ) and the non-negative approximation set X = P . For g0 ∈ P , let the sequence (gn )n∈N be generated by the error
reduction algorithm (1.19). Then, for all n ∈ N holds
EM [gn+1 ] 6 EM [gn ].

(1.31)

Proof. For a proof, see [3].
Energy minimization formulation
Instead of starting with an algorithm and then choosing an energy to check its behaviour,
one can first choose the error functional and use it as a starting point to generate a phase
retrieval algorithm [3]. Consider an approximation set X and an error functional E[g] that
reaches its minimum if some combination of conditions [P], [M] is satisfied. Then the
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solution of phase problem would correspond to a minimizer of the functional E. One way
to construct an algorithm knowing the error E is to use the method of steepest descent:
gn+1 (x) = gn (x) − hn (x)∂gn E(x),

(1.32)

where hn is the step size and ∂gn E(x) is the functional derivative of E with respect to the
approximation gn . In the example below, we show that the error reduction algorithm is
connected to the method of steepest descent for the modulus energy functional. Unfortunately, the modulus energy functional alone is not enough to generate the error reduction
algorithm; in example 1.21, we discuss some other energy functionals that aim to generate the “whole” error reduction algorithm, but fail to do so due to inner properties of
phase retrieval. The discussion of the underlying difficulties concludes this subsection and
motivates the introduction of the Wasserstein space.
Example 1.20 (ER as gradient flow). In this example, we calculate one step of the
steepest descent for the modulus energy functional. Consider phase retrieval with the
modulus energy EM and the non-negative approximation set X = P . We want to calculate
∂g EM and the resulting form of steepest descent method (1.32). To calculate the gradient
of EM , recall the functional derivative of the Fourier transform. The Fourier transform
functional is defined as
g 7→ ĝk := ĝ(k),
for any k ∈ Rd . For any g, δϕ ∈ S(Rd )
Z
Z
−ikx
ˆ(g + δϕ)(k) =
g(k)e
dk +

δϕe−ikx dx.

Rd

Rd

Therefore, the functional derivative of ĝk by δϕ evaluated at the point x ∈ Rd is given by
∂δφ gbk (x) = e−ik·x ,

(1.33)

Another property of the Fourier transform we want to point out is
∗
gbk = gb−k
,

(1.34)

which holds for any real-valued functions g ∈ S(Rd ; R>0 ). Here and in the future we shall
write arguments of functions as their indices (e.g., gbk = gb(k), Ak = A(k)), where it can
not cause confusion with the iteration index n. Calculate the functional derivative of EM
with respect to g ∈ X at the point y ∈ Rd :


Z
2
1
|b
gk | − Ak dk (y)
∂g EM [g](y) = ∂g
2(2π)d
Z
 p ∗
1
=
2
|b
g
|
−
A
∂g gbk gbk (y) dk
k
k
2(2π)d
Z
 1
1
=
|b
g
|
−
A
(b
gk∗ e−ik·y + gbk eik·y ) dk
k
k
d
(2π)
2|b
gk |
Z
 2b
1
gk eik·y
=
|b
g
|
−
A
dk
k
k
(2π)d
2|b
gk |

= F −1 gb − Aei arg(bg) (y) = g(y) − PM g(y).
(1.35)
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This means that method of steepest descent on EM [g] =
hn (y) = 1 yields the preliminary result
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1
2

(1 − PM )g

2
2

with step length

g̃n+1 (y) = gn (y) − hn (y)∂gn E(y) = PM gn (y),

(1.36)

which is “a half” of the error reduction algorithm. In fact, since we have assumed the nonnegativity of the approximations gn ∈ P , we must impose the non-negativity condition
on the preliminary approximation g̃n+1 . The simplest way to do so is to set:
gn+1 = PP g̃n+1 ,
thus regaining the error reduction algorithm.
Using the gradient flow approach we can investigate the properties of phase retrieval
algorithms: all we need is to find the corresponding energy functional. Vice versa, one
can also think of various energy functionals and check the corresponding algorithms.
Example 1.21. As demonstrated in the example above, the modulus energy functional
can not reproduce the whole error reduction algorithm. In this example, we write down
the gradients of two functionals with the similar structure for illustrative purposes. As
2
above, one can easily verify that the derivative of the functional EP [g] = 12 (1 − PP )g 2
is given by
∂g EP [g](y) = g(y) − PP g(y),

(1.37)

and the method of steepest descent with step length hn (y) = 1 yields
gn+1 (y) = PP gn (y).

(1.38)

As before, we do not gain the complete error reduction algorithm; the modulus projection
is missing. It is tempting to try out the natural generalization of this and the energy
modulus functional, namely the functional
EP ◦M [g] =

1
2
(1 − PP ◦ PM )g 2 .
2

This functional has the following derivative:
∂g EP ◦M [g](y) = g(y) − PP ◦ PM g(y)

+ βk · 1{PM g(x)>0} g(x) − PP ◦ PM g(x)

,

(1.39)

x=−y

R
ĝ(k)2
with βk = dk|A(k)| |ĝ(k)|
3 . The correction terms in the last row arise because PP and PM
are coupled via the Fourier transform. When considering only the modulus energy EM ,
one can evade the Fourier transform with Plancherel’s theorem (as in (1.30)), but this
trick does not work when both constraints are coupled together in the energy functional.
The underlying difficulty (that makes it complicated to find an energy functional that
would produce the error reduction algorithm) is that our constraints are defined in different spaces - namely, in the object space and in the Fourier space. However, it possible to
separate these constraints. In the Example 1.20, we have considered the energy functional
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that depended only on the modulus and the set of approximations that only accepted
non-negative functions. Unfortunately, after each gradient step (1.36) we have lost the
non-negativity property, and we had to impose it in an explicit way (1.20). As long as we
consider the gradient on the space L2 (Rd ):
E[g + tδg] = E[g0 ] + th∂g E, δgiL2 + O(t2 ),

(1.40)

we can not expect ∂g E to keep the non-negativity intact. This issue can be resolved if the
gradient is taken over the space of non-negative functions with an appropriate metric and
the gradient definition suited to this space. Then, the non-negativity constraint would
be embedded in the underlying space, and the modulus constraint would be satisfied
by minimizing an appropriate energy functional — for example, the modulus energy
functional.
A perfect candidate for such space is the quadratic Wasserstein space: it preserves positivity and has enough structure to define gradient flows. The investigation of the connection between energy minimization problems and the corresponding gradient flows was
encouraged by the seminal paper [1] and has been substantially developed in the recent
decade [8, 29]. In the next section, we review how the quadratic Wasserstein space is
motivated by the optimal transport problems and present some of its basic properties.
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Optimal transport and the quadratic Wasserstein
space

This section describes some basics of the optimal transport theory based on [5–8]. The
emphasis is often kept on the case of absolutely continuous measures for illustrative purposes. We still try to present general results in cases where it can be done without lengthy
digressions, since the restriction to absolutely continuous measures is relatively severe to
the results of optimal transport.
This section is organized as follows. In the first subsection, the basic notions of optimal
transport are introduced and illustrated with some examples (we discuss push-forward,
measure coupling, Monge and Kantorovich problem). Thereafter, we recall the definition of the quadratic Wasserstein space and Brenier’s theorem, sketching some important
details of its proof. We conclude the first subsection with an example that compares
optimal transport with respect to the L2 metric to the optimal transport with respect
to the quadratic Wasserstein metric. In the second subsection, we formulate the MongeKantorovich problem in the time-dependent context and recall the Benamou-Brenier theorem, describing some steps of its proof using [5].

2.1

Classical Monge-Kantorovich problem

The topic of optimal transport motivates the introduction of the quadratic Wasserstein
space and provides some benefitial ideas for an interpretation of phase retrieval. Speaking
informally, optimal transportation investigates how to relocate some material (“a pile of
sand”) to the desired location in a cost-efficient way. To formulate this problem in a
precise way, one needs mathematical notions that describe the following elements: a
material distribution, a method to transport a given distribution to another one, and a
cost corresponding to the method of transportation.
It is convenient to describe the initial and the final distribution of a material with probability densities. This way, such properties as positivity and mass conservation follow
immediately from the definition of the material distribution. Sometimes it is more convenient to use probability measures instead of probability densities (for example, when the
material distribution is discrete).
There is a special notion for a function F that allows us to transform the given measure
µ0 into another measure µ1 .
Definition 2.1 (Push-forward). Let µ0 ∈ P(Rd ). Given a measurable function F : Rd →
Rd , define for all Borel measurable sets A ∈ B(Rd ):
µ1 (A) = F# µ0 (A) := µ0 (F −1 (A)).

(2.1)

Then, µ1 is called a push-forward measure of µ0 by F ; we call F a transport map from
µ0 to µ1 .
Remark 2.2. It is easy to check that µ1 ∈ P(Rd ). Also, if µ0 , µ1 ∈ Pac (Rd ) (absolutely
continuous measures) with densities g0 , g1 ∈ L1 (Rd ) respectively, one can rewrite (2.1) as
Z
Z
g1 (x) dx =
g0 (y) dy.
(2.2)
A

F −1 (A)
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For bijective functions F with the Jacobian DF , this equation is equivalent to



· g1 F (y) = g0 (y)

(2.3)


1
 · g0 F −1 (y)
det DF (y)

(2.4)

det DF (y)
or, in other form,
g1 y) =

(2.5)
for almost all y ∈ Rd .
Example 2.3 (Push-forward). It is easy to check that a push-forward does exactly what
one could anticipate by its name. For example, F (x) = x − c translates a measure by
c ∈ R to the right; F (x) = ax dilates it by a ∈ R+ (see Fig. 5). A transport map between
Figure 5: Examples of push-forward measures.

F

F

1

1
ρ1

ρ0

0

1

2

ρ0

3

a) Push-forward of µ0 with
ρ0 (x) = 1[0;1] (x) by F (x) = x − 2.

0

ρ1
1

2

b) Push-forward of µ0 with
ρ0 (x) = 1[0;1] (x) by F (x) = 2x.

two measures is, of course, not unique (see Fig. 6).
Remark 2.4. It is important to remember that a push forward is a very specific way to
describe material relocation: even the mere fact that F is a function implies that splitting
of the material is not allowed. For example, the situation when all material is concentrated
at the point x ∈ Rd is described by the Dirac delta distribution δx . Any push forward of
this measure will still remain a Dirac delta distribution. This is a significant restriction,
especially important for discrete distributions. Jumping ahead, this restriction constitutes
the difference between the Monge problem and its relaxed generalization, the Kantorovich
problem.
The cost of moving one distribution to another can be interpreted as a metric between
µ0 and µ1 . For example, for regular measures µ0 and µ1 with respective densities g0 , g1 ∈
L2 (Rd ) the L2 -metric kg0 −g1 k2 would be a possible, but not a very good choice: this metric
is distance-independent. For example, it yields the same values for initial distribution
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Figure 6: Non-uniqueness of push-forwards.

F1

F2

F1

1

1
ρ1

ρ0

0

F2

1

ρ1

ρ0

2

3

0

a) Push-forward of µ0 with
ρ0 (x) = 1[0;1] (x) by F1 (x) = x − 2.

1

2

3

b) Push-forward of µ0 with
ρ0 (x) = 1[0;1] (x) by F2 (x) = 3 − x.

density g0 (x) : = 1[0;1] (x) and target densities g1 (x) : = 1[1;2] (x) and g̃1 (x) : = 1[9;10] (x),
respectively:
Z 1
Z 2
Z 1
Z 10
2
kg0 − g1 k2 =
dx +
dx = 2 =
dx +
dx = kg0 − g̃1 k22 .
(2.6)
0

1

0

9

Intuitively, the second target g̃1 is “farther away” from the initial distribution g0 . A better
choice for the transportation distance between two measures should take into account the
way the initial measure µ0 was transformed to the target measure. In praxis, one knows
some cost function c(x, y), which describes how much needs to be spent in order to move
a unit amount of material from x to y. Given the transport map F , the transportation
cost between the points x and y = F (x) is c(x, F (x)).
Definition 2.5 (The Monge problem). Consider two Borel measures µ0 , µ1 on Rd and a
cost function c : Rd × Rd → R>0 . Find
Z
(MP)
inf
c(x, F (x)) dµ0 (x),
(2.7)
Rd

where the infimum is taken over all transport maps F from µ0 to µ1 .
As mentioned before, since F is a function, splitting of the material is forbidden in this
formulation: if µ0 is a Dirac delta potential and µ1 is not, there are no transport maps
from µ0 to µ1 . To relax this restriction of (MP), one needs to allow multiple destination
points for a single origin. Consider a Dirac delta distribution µ0 = δx , x ∈ Rd that is
transported to the measure qx . Assume that some material
was transported to the set
R
B ∈ B(Rd ); the cost for this transportation is given by B c(x, y) dqx (y). The measure qx is
sometimes known as the transport kernel; it describes how much of the material currently
present in x shall be relocated to y. If the initial distribution µ0 is not point-like, the cost
of transport from the set A ∈ B(Rd ) to the set B is
Z Z
c(x, y) dµ0 (x)dqx (y).
A

B
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Instead of speaking about two measures µ0 and qx , it is often simpler to define a general
measure q : Rd ×Rd → R>0 called a coupling. Then, the generalized transport information
is contained in the coupling q instead of the transport map F : q(A, B) tells us how much
material from the set A is relocated to the destination B.
Definition 2.6 (Measure coupling). Let µ0 , µ1 be Borel measures on Rd . The measure
q : Rd × Rd 7→ R is called a coupling (or a transport plan) of µ0 and µ1 , if and only if
q(A × Rd ) = µ0 (A), q(Rd , B) = µ1 (B) for all measurable sets A, B ⊆ Rd .
Definition 2.7 (The Kantorovich problem). Let µ0 , µ1 be Borel measures on Rd . Given
a cost function : Rd × Rd → R>0 , find
Z
(KP)
inf
c(x, y) dq(x, y),
(2.8)
Rd

where the infimum is taken over all couplings q of measures µ0 and µ1 .
Remark 2.8 (Transport plans generalize transport maps). For each transport map F
there exists a corresponding transport plan given by q(A, B) = µ0 (A) · F# µ0 (B).
Remark 2.9 ((KP) always has a solution). In contrary to the Monge problem, the
Kantorovich problem always has a solution: for all initial and final conditions µ0 and µ1
there exists at least one corresponding transport plan q, namely q(A, B) = µ0 (A) · µ1 (B)
for A, B ∈ B(Rd ). For regular measures, this plan tells us that “a handful of material”
from the initial location must be distributed over the whole support of µ1 proportional to
the value of its density.
An important example of a transportation cost is the function
c(x, y) = |x − y|p ,

(2.9)

also known as the Wasserstein transportation cost. Two exponents p received special
interest: the original Monge problem was formulated for p = 1 (cf. [5] and references
therein); in this report, we shall consider the other case, namely p = 2 (quadratic Wasserstein cost). It is possible to show that equation (2.8) with cost function (2.9) defines a
metric on appropiate measure space [30].
Definition 2.10 (Quadratic Wasserstein space). Let


Z
d
d
2
Pw (R ) = µ ∈ P(R ) | |x| dµ(x) < ∞ .

(2.10)

The quadratic Wasserstein distance between µ0 , µ1 ∈ Pw (Rd ) is defined as
Z
dw (µ0 , µ1 ) = inf
|x − y|2 dq(x, y);

(2.11)

q

Rd ×Rd

the infimum is taken over all couplings q of µ0 and µ1 . The pair (Pw (Rd ), dw ) is called
the quadratic Wasserstein space.
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Corollary 2.11. Quadratic Wasserstein space (Pw (Rd ), dw ) is a complete separable metric space. For a proof, see [7, 30].
Theorem 2.12 (Brenier [31]). Let µ0 ∈ Pw (Rd ) ∩ Pac (Rd ), µ1 ∈ Pw (Rd ). Then, for the
cost function c(x, y) = 21 |x − y|2 , there exists the unique optimal coupling q = (Id, F )# µ0
solving the Kantorovich problem (2.8); the function F solves the corresponding Monge
problem (2.7). The optimal map F is unique and can be written in the form F = ∇ϕ for
some convex function ϕ : Rn → R ∪ {∞}. For a proof, see [31].
Remark 2.13. Brenier’s theorem states that the Monge problem is equalent to the Kantorovich problem on quadratic Wasserstein space for regular initial metric; the solution
exists, it is unique and posesses a certain form (gradient of a convex function). One
can show that a solution of the Monge problem exists on general Wasserstein distances
(see [31] and references therein). The form of the optimal map F = ∇ϕ may be anticipated by the following argument: for the one-dimensional problem with cost increasing
with distance rapidly enough, one expects F to be non-decreasing (otherwise, F would
be not optimal); considering F = ∇ϕ turns out to be an appropriate generalization to
higher dimensions.
Let us briefly indicate which role in the proof of Brenier’s theorem is played by the fact
that the chosen Wasserstein metric is quadratic. Due to the Kantorovich duality theorem
(cf. [6]), one can rewrite the Kantorovich problem (2.8) in the following way:
Z
Z
Z
inf c(x, y) dq(x, y) = sup ϕ(x) dµ0 (x) + ψ(y) dµ1 (y);
(2.12)
the supremum is taken over all functions ϕ ∈ L1 (µ0 ), ψ ∈ L1 (µ1 ) satisfying
ϕ(x) + ψ(y) 6 c(x, y)

(2.13)

for µ0 (resp. µ1 )-almost all x (resp. y) ∈ Rd . For c(x, y) = |x − y|2 , the latter inequality
can be rewritten as
 


1 2
1 2
x − ϕ(x) +
y − ψ(y) 6 −xy,
2
2
|
{z
} |
{z
}
:=ϕ1 (x)

:=ψ1 (y)

or
ϕ1 (x) + ψ1 (y) 6 −xy.

(2.14)

Since we are trying to maximize the right-hand side of the equation (2.12) under condition
(2.13), it is sensible to choose the functions ϕ and ψ in such a way that the inequality
(2.13) is as sharp as possible (i.e., it is an equality most of the times). In terms of
inequality (2.14), this choice corresponds to
ψ1 (y) = inf (−xy − ϕ1 (x)) = − sup (xy + ϕ1 (x));
x∈Rd

x∈Rd

with other words, the functions −ψ1 and −ϕ1 should be Legendre transforms of each
other! Moreover, it is known (for example, cf. [32]) that for concave, differentiable ϕ1 (x)
with Legendre transform ψ1 (y) holds
ϕ1 (x) + ψ1 (y) = −xy

(2.15)
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with the additional properties
−∇ψ1 (−∇ϕ1 (x)) = x,
−∇ϕ1 (−∇ψ1 (y)) = y.
If one considers x as a free variable and y = F (x) as a function of x defined through
(2.15), then
y = F (x) = −∇ϕ1 (x).
Thus, quadratic Wasserstein cost leads to the specific form of F . Summing up, the
optimal map F is the gradient of a convex function because the functions minimizing
the quadratic Wasserstein cost (in Kantorovich dual formulation) are related through the
Legendre transform (establishing connection of the Monge problem to convex functions).
Example 2.14 (Optimal transport on L2 and Pw ). As mentioned above, one can consider
optimal transport with respect to the different metrics. The goal of this example is to
compare optimal transport between two simple densities with respect to the L2 -metric
and Wasserstein metric dw , and to confirm that optimal transport with respect to the
quadratic Wasserstein metric corresponds to the intuitive ideas of the optimal transport.
Let ρ be a symmetric probability density with compact support A ⊆ R; ρ should be
strictly increasing on A ∩ R− . Define the following initial and target densities:

c
,
g0 (x) = ρ x +
2

c
,
g1 (x) = ρ x −
2
where c ∈ R is a constant such that (A + 2c ), (A + 2c ) and 0 are paarwise disjoint sets
(see Fig. 7). One could look for the density g1/2,X describing the situation when the
transport between g0 and g1 is “half way complete” with respect to the metric space
(X , d) ∈ L2 , k · k2 , Pw , dw (·) . In this context, “half way complete” means:
• The density g1/2,X is equidistant between g0 and g1 :
g1/2,X ∈ Xeq := {g ∈ X | d(g0 , g1/2,X ) = d(g1 , g1/2,X )}.

(2.16)

• Also, g should be “on the shortest way” with respect to d, i.e.,
d(g0 , g1/2,X ) = min d(g0 , g).
g∈Xeq

(2.17)

One can show that
1
g1/2,L2 = (g0 + g1 );
2


1
;
g1/2,Pw = ρ(x) = g0 x +
2

(2.18)
(2.19)

the Wasserstein transportation map is F1/2 (x) = x − 12 (see Fig. 7). There are several
possible interpretations of equations (2.18). First, one can see that transporting “a handful of material” with respect to the Wasserstein metric means translation by a certain
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distance, while transport with respect to the L2 -metric means that material is distributed
among the whole support of g1 proportional to the value of g1 . A second observation is
that it makes sense to consider optimal transportation in a time-dependent context: then,
the L2 -transport would mean that material little by little disappears at the initial location and reappears at destination; the dw -transport would mean that the initial density
is “gradually moved” to its destination.
Figure 7: Interpretation of Example 2.14.

ρ1

ρ0
ρ1/2,w
ρ1/2,L2

ρ1/2,L2
0

-C/2

A

C/2

Intermediary states g1/2,w , g1/2,L2 for initial and final densities
g0 , g1 .

We separate the proof into two claims. Claim 1: for metric d(ρ0 , ρ1 ) = kρ1 − ρ0 k2
the intermediary state is uniquely defined by conditions (2.16), (2.17) and is given by
ρ1/2,L2 = 21 (ρ0 + ρ1 ).
Proof of claim 1. Since supp ρ0 ∩ supp ρ1 = ∅, for ρ ∈ B
2kρ0 k22 = kρ0 k22 + kρ1 k22 = kρ1 − ρ0 k22 6 kρ1 − ρk22 + kρ − ρ0 k22 = kρ − ρ0 k22
⇒ kρ0 − ρk2 > 1.
(2.20)
Since for a small variation δρ
kρ0 − (ρ +

δρ)k22

= kρ0 −

ρk22

Z
−2

Z
(ρ0 (x) − ρ(x))δρ(x) dx +

2
δρ(x) dx,

(2.21)

the second variation of kρ0 − ρk22 w.r.t. ρ is equal to 1 and positive for all densities ρ ∈ B.
Hence, if minimizer ρ exists, it is unique. It is easy to check that kρ1/2,L2 k2 = 1; hence, it
is a minimizer and is unique.
Claim 2: for metric d(ρ0 , ρ1 ) = dw (ρ0 , ρ1 ) the intermediary state is uniquely defined by
conditions (2.16), (2.17) and is given by ρ1/2,w = g(x) = ρ0 x + 2c with transportation
map F1/2 (x) = x − 2c .
Proof of claim 2. We use without proof the fact that the optimal map from ρ0 to ρ1 is
given by F = x − c (this fact follows from Brenier’s theorem [5]). Then, the Wasserstein
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distance between ρ0 and ρ1 is equal to dw (ρ0 , ρ1 ) = c. One can proceed as in the previous
case:
dw (ρ0 , ρ1 ) 6 2dw (ρ0 , ρ1/2 ).

(2.22)

The second variation of dw (ρ0 , ρ1/2 ) w.r.t. F1/2 is 1, so an optimal transport map is unique.
The claim then follows as in L2 -case: it is easy to check that dw (ρ0 , ρ1/2 ) = c/2; hence,
ρ1/2 is a minimizer and it is unique.

2.2

Time-dependent optimal transport

The previous example motivates a discussion of the optimal transport in time-dependent
context this approach was pioneered in [5]). In this subsection, we discuss the timedependent Monge-Kantorovich problem and the Benamou-Brenier theorem that establishes the relationship between the time-dependent Monge-Kantorovich problem and the
original Kantorovich problem.
An appropriate setting includes an absolutely continuous curve t 7→ µt ∈ Pw (Rd ) describing the material distribution at the time t ∈ [0; 1], and a (smooth enough) velocity vector
field v(t, x) = vt (x) ∈ Rd . The curve µt should satisfy boundary conditions
µ0 = µ̃0 ;
µ1 = µ̃1

(2.23)

for some initial measures µ̃0 , µ̃1 ∈ Pw (Rd ). The pair (µt , vt ) should also fulfill the continuity equation
∂t µt + ∇µt · v = 0.
(2.24)
With other words, the underlying idea is to treat the material as an incompressible pressureless fluid, that moves from the initial distribution µ0 to the target distribution µ1 .
The continuity equation then states that the material is not lost or gained during the relocation. The continuity equation above should be satisfied in the sence of distributions,
i.e., for all u ∈ Cc∞ ([0; 1] × Rd ) should hold
Z
0

1

Z 


d
u(t, x) + ∇x u(t, x) · v(x) dµt (x)dt = 0.
dt

One can easily verify that for regular measures µt , t ∈ [0; 1] with corresponding densities
gt the equation above is equivalent to
∂t gt + ∇gt · v = 0.

(2.25)

Further, let the velocity field v be divergence-free (with other words, the material is
treated as perfect incompressible fluid):
∇ · v = 0.

(2.26)
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Definition 2.15 (Time-dependent Monge-Kantorovich problem on Pw (Rd )). Let µ̃0 , µ̃1 ∈
Pw (Rd ). Let
n
X = (µ, v) | µ : [0, 1] × Rd → R>0 ,
(t, x) 7→ µ(t, x) = µt (x),
t 7→ µt ∈ Pw (Rd ) absolutely continuous;
v : [0, 1] × Rd → Rd
(t, x) 7→ v(t, x) = vt (x),
vt ∈ L2 (µt );
o
µ, v satisfy equations (2.23), (2.24), (2.26) .
Find the pair (µ, v) that minimizes
Z 1Z
2
(tMKP)
v(t, x) dµt (x)dt.
0

(2.27)

(2.28)

Rd

The next theorem shows how this problem is connected to the original Kantorovich problem.
Theorem 2.16 (Benamou-Brenier). Let µ̃0 , µ̃1 ∈ Pw (Rd ), X as described in the definition
above. Then,
Z 1Z
2
2
dw (µ0 , µ1 ) = inf
v(t, x) dµt (x)dt,
(2.29)
X

0

Rd

which is sometimes referred to as the Benamou-Brenier formula for the Wasserstein distance.
Remark 2.17. This theorem was first shown in [5]; its generalized proof can be found,
e.g., in [7].
Remark 2.18 (Relation between the pair (µ, v) and an optimal map F .). To determine
the connection between the Monge problem and its time-dependent formulation, let us recall some arguments that were used in [5] to prove the Benamou-Brenier formula. Consider
the situation described above; for simplicity, assume that measures µ̃0 , µ̃1 , µt ∈ Pw (Rd )
are regular with respective densities g̃0 , g̃1 , gt ∈ L1 (Rd ); denote the optimal map from µ0
to µ1 with F = ∇φ. Introduce Lagrangian coordinates Xt (x) = X(t, x) defined by
X(0, x) = x;
∂t X(t, x) = v(t, X(t, x)).

(2.30)

One can think about X as the coordinate of the inifinitisemal amount of the transported
material, or, alternatively, as the characteristic curve of the equation (2.24). During the
transportation, the material density along the coordinate X remains constant:
d
g(t, Xt (x)) = ∂g(t, Xt (x)) + ∇g(t, Xt (x)) · ∂t Xt (x) = −g(t, Xt (x)) · ∇v(t, x) = 0;
dt
(2.31)
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we used the continuity equation (2.25) and the assumption that v is divergence-free.
Hence,
g(t, X(t, x)) = g(0, X(0, x)) = g(0, x) = g0 (x).

(2.32)

According to [5], we can rewrite this condition in terms of test functions:
Z 1Z
Z 1Z
u(t, y)g(t, y) dydt =
u(t, z)g0 (Xt−1 (z)) dzdt ⇒
0

Z

y∈Rd

0

1Z

z∈Rd

1Z

Z
u(t, y)g(t, y) dydt =

0

y∈Rd

u(t, Xt (y))g0 (y) dzdt
0

y∈Rd

(changing to y = Xt−1 (z) on the r.h.s.). Using this equation, it is possible to show after
some computations [5] that
Z 1Z
Z
2
|v(t, x)| g(t, x) dxdt >
|∇ϕ(x) − x|2 g0 (x) dx.
0

Rd

Rd

This inequality becomes an equality, if we choose
vt (x) = ∇ϕ(x) − x.

(2.33)

From the definition of Lagrangian coordinates (2.30), recover
X(t, x) = x + t(∇ϕ(x) − x).

(2.34)

Inserting this result into equation (2.32), obtain
g(t, x + tv0 (x)) = g0 (x),

(2.35)

or, equivalently (cf. eqs. (2.3), (2.4)),
g(t, x) = g0



Id + tv0

−1


(x)

(2.36)

Note that F (x) = X(1, x) equations (2.2) and (2.34) coincide. Therefore, we define the
transport map Ft corresponding to µt via
Ft = X(t, ·) = Id + tv0 .

(2.37)

By the Benamou-Brenier formula, the map Ft is the optimal transport map from µ0 to
µt . Let us sum up some results from this remark. If the initial distribution µ0 is regular,
there is a particular solution of the continuity equation (defined by eqs. (2.33), (2.35))
with constant velocity vt (x) = v0 (x). This is one of the solutions of the time-dependent
Monge-Kantorovich problem; this solution is the unique solution for which the velocity is
constant (follows from (2.33) and the fact that the optimal map F obtained by Brenier’s
theorem is unique). We call the solution (µ, v) the constant speed solution of the timedependent Monge-Kantorovich problem (tMKP).
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3

Gradient flows on the quadratic Wasserstein space

In the previous section we have established some basic notions to work in the quadratic
Wasserstein space. Our goal is to apply the steepest descent method to phase retrieval on
the quadratic Wasserstein space. To do so, it is necessary to introduce the corresponding
notion for a gradient. This, in turn, requires an appropriate definition of the tangent
space to the Wasserstein space.
This section is structured in the following way. The aim of the first subsection is to
define a gradient on a Wasserstein space. We start by discussing the form of certain
geodesics (namely, constant speed geodesics) on Wasserstein space. The investigation
of their behaviour will be used to motivate the definition of the tangent space to the
quadratic Wasserstein space. After introducing the tangent space, we shall write down
the definition of the gradient, and discuss a practical way to calculate it. The results
describing geodesics and tangent spaces are based on [7]. The definition of the gradient
is a simplified version of the gradient flow notions discussed in [6, 8].
In the second subsection, we shall apply the definition of the gradient to the energy
modulus functional of phase retrieval (example 3.14) and discuss the corresponding results.
We alse mention the connection between the modulus energy functional and the geodesic
convexity. This section comprises the original results of this thesis.

3.1

Riemannian structure of the quadratic Wasserstein space

The quadratic Wasserstein space has many similarities to an infinite-dimensional Riemannian manifold; in particular, it is possible to define a gradient of an appropriate functional.
Let us briefly review of some of these definitions following [7]. Often we shall use the assumption µ0 ∈ Pac (Rd )∩Pw (Rd ); however, most results are also valid for general measures
µ0 ∈ Pw (Rd ) and can be generalized for quadratic Wasserstein spaces over manifolds [7,8].
Definition 3.1. Let µ0 , µ1 ∈ Pw (Rd ), let µ0 be regular; let ∇ϕ be the optimal map from
µ0 to µ1 . The interpolation curve µ : [0; 1] → Pw (Rd ) is defined as


t 7→ µt = (1 − t)Id + t∇ϕ µ0 .
(3.1)
#

d

Proposition 3.2. A curve γ : [0; 1] → Pw (R ) from µ0 to µ1 is a constant speed geodesic
if and only if it is an interpolation curve from µ0 to µ1 .
Proof. We demonstrate only the direction “geodesic ⇐ interpolation curve”; for the
other direction, see [7].
“⇐”. By definition of the Wasserstein metric dw , for any measure µ ∈ Pw (Rd ) and any
functions T, S ∈ L2 (µ, Rd ) holds:
dw (T# µ, S# µ) 6 kT − SkL2 (µ,Rd ) .

(3.2)

Let µt be an interpolation curve from µ0 to µ1 with the optimal map F ; by remark 2.18,
the optimal map from µ0 to µt is given by Ft (x) = x+t(F (x)−x) For every 0 6 s < t 6 1,
d2w (µs , µt ) 6 kF (s) − F (t)k2L2µ
0
Z
= |(1 − s)x + sF (x) − (1 − t)x + tF (x)|2 dµ0 (x) = (t − s)2 d2w (µ0 , µ1 ). (3.3)
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Assume that this inequality were strict. Then, by the triangle inequality follows:
dw (µ0 , µ1 ) 6 dw (µ0 , µs ) + dw (µs , µt ) + dw (µt , µ1 )
< sdw (µ0 , µ1 ) + (t − s)dw (µ0 , µ1 ) + (1 − t)dw (µ0 , µ1 ) = dw (µ0 , µ1 ).
The claim follows by contradiction.
Corollary 3.3. A constant speed geodesic µt from regular measure µ0 to µ1 is given by
(3.1) and is unique.
Reminder 3.4 (Some notions on Riemannian manifolds). Before introducing the tangent
space for quadratic Wasserstein space, let us recall how certain notions are defined on
Riemannian manifolds. Let (M, g) be a finite-dimensional Riemannian manifold, let g be
the inner product on the tangent bundle T M . Further, let γ : [0; 1] → M be a differentiable
curve in M with γ(0) = p ∈ M , γ 0 (0) = v ∈ Tp M , let ϕ ∈ C ∞ (Rd ). The directional
derivative of the function ϕ at point p in direction v is defined as
d
dt

∂v ϕ(p) =

ϕ(γ(t)).
t=0

The gradient of the function ϕ at p is defined through the following equation:

gp (∇ϕ)p , vp = ∂v ϕ(p)
for all vector fields v ∈ Tp M . The induced metric on M is defined by
Z 1
|γ 0 (t)| dt,
d(p, q) = inf
0

where the infimum is taken over all differentiable curves γ ∈ M with γ(0) = p, γ(1) = q.
The exponential map expp : Tp M → M is defined in the neighbourhood of the point p by
the equation
expP (tv) = γv (t),
where γ ∈ C 1 ([0, 1]; M ) is the unique geodesic with initial conditions γ(0) = p, γ 0 (0) = v.
If the function expp defines a local diffeomorphism between the tangent space Tp M and
the manifold M , the radius of the largest ball in Tp M diffeomorphically mapped onto M
is called the injectivity radius of the exponential map at the point p.
To consider the Riemannian structure of the quadratic Wasserstein spaces, it is necessary
to find an appropriate candidate for the tangent space T Pw (Rd ). Let µ̃0 , µ̃1 ∈ Pw (Rd ),
assume that µ̃0 is regular. Let F be the optimal map from µ0 to µ1 . As shown in remark
2.18, for a curve µ : t 7→ µt ∈ Pw (Rd ) with boundary conditions µ0 = µ̃0 , µ1 = µ̃1 the
optimal map from µ0 to µt is given by
Ft (x) = x + tv0 (x),
where v0 (x) = F (x) − x, and it holds
Z

2

|v(x)| dµ0 (x)

dw (µt , µ0 ) =

1/2
.

(3.4)

Rd

The former equation motivates that elements of a possible tangent space T Pw (Rd ) could
be defined using optimal maps; the latter equation indicates these elements should be
contained in L2 (µ0 ).

3.1 Riemannian structure of the quadratic Wasserstein space
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Definition 3.5 (Tangent space induced by optimal maps). At a measure µ ∈ Pw (Rd ),
the tangent space induced by optimal maps is defined by

Tanµ Pw (Rd ) = v ∈ L2µ (Rd ) : Id + tv is optimal for some t ∈ [0, 1]

L2µ (Rd ))

.

(3.5)

Remark 3.6 (Other choices for tangent spaces). The definition above approaches elements of the tangent space via optimal maps; note, that the regularity of µ0 is not
required for this definition. As shown in remark 2.18, for regular initial measures µ0 there
is a particular solution (v, µ) that corresponds to a constant speed geodesic; the velocities
corresponding to these solutions can be used to define an alternative tangent space (the
regular tangent space in notation of [7]):
L2µ (Rd )

Tan∗µ Pw (Rd ) = {v = ∇ϕ ∈ Cc∞ (Rd )}

.

It is possible to show that the two definitions are equivalent [7, Ch. 4.4]; this claim is
easy to check using Brenier’s theorem for regular measures µ, the general case µ ∈ Rd is
more complicated. Referring to [7] for a deeper discussion of these problems, we remark
that the defined tangent space Tanµ Pw (Rd ) is only a subset of a more general so-called
geometric tangent space that is induced not by optimal maps, but by optimal plans and
is a more appropriate (and more technical) setting (introducing which would take this
discussion beyond the bounds of an overview).
The tangent space Tanµ Pw can be endowed with an inner product in a natural way:
Z
∇ϕ(x)∇ψ(x) dµ(x).
h∇ϕ, ∇ψiTanµ Pw = h∇ϕ, ∇ψiµ :=
Rd

For regular measures µ0 , the corresponding induced metric dind on Pw (Rd coincides with
the quadratic Wasserstein metric: for µ ∈ Rd ,
Z 1
Z 1
dw (µt+ε , µt )
dt
dind (µ0 , µ) = inf
|µ̇t | dt = inf
lim
t
0
0 ε→0
Z 1
ε · dw (µ0 , µ1 )
= inf
lim
dt = dw (µ0 , µ1 ),
ε→0
t
0
where we used eq. (3.3). Despite all the similarities, the quadratic Wasserstein space is
not a Riemmanian manifold, which can be seen by the following argument. Define the
exponential map
expµ : Tµ Pw (Rd ) → Pw (Rd )
v 7→ expµ (tv) := (Id + tv)# µ.

(3.6)

The injectivity radius of this map is zero:
t 7→ expµ (tv) is a geodesic for t ∈ [0, T ] ⇔
Id + T v is an optimal map from µ to (Id + T v)−1
# µ ⇔
its Jacobian I + T Dv is bounded from below.
Since Dv is not bounded for v ∈ Tµ Pw (Rd ), the radius of injectivity is equal to zero.

34

3 GRADIENT FLOWS ON THE QUADRATIC WASSERSTEIN SPACE

Definition 3.7 (Gradient). Consider a functional E : Pw (Rd ) → R ∪ {∞}, let µ be a
regular measure in the domain of E. An element ∇w E ∈ Tµ Pw is called the gradient of
E at µ if for every measure ν ∈ Pw (Rd ) with the optimal map F = Id + ∇ϕ from µ to ν
holds

E(ν) = E(µ) + h∇w E, F − Idiµ + o dw (µ, ν)

= E(µ) + h∇w E, ∇ϕiµ + o dw (µ, ν) .

(3.7)

Remark 3.8 (How to calculate a gradient). For the situation described above, consider
a constant speed geodesic µt from µ0 = µ to µ1 = ν. Equation (3.7) is equivalent (cf.
equation (3.3)) to

E(µt ) = E(µ0 ) + h∇E, t∇ϕiµ0 + o tdw (µ0 , µ1 ) .

(3.8)

Therefore,
∂
E(µt )
∂t

= h∇w E, ∇ϕiµ0 ,

(3.9)

t=0

or, more explicitely, the equation

∂
E (Id + t∇ϕ)# µ0
∂t

= h∇w E, ∇ϕiµ0

(3.10)

t=0

should hold for all ∇ϕ ∈ Tµ Pw (Rd ).
Remark 3.9. To remain consistent with the defintion 3.7, it is necessary to check for each
particular case that the gradient ∇w E defined this way is indeed an element of T Pw (Rd ).
The next proposition verifies that the condition “gradient must vanish at an extremum”
remains valid for the functionals on the Wasserstein space.
Proposition 3.10 (Necessary condition for a minimum). Assume that the functional
E : Pw (Rd ) → R ∪ {∞} reaches its minimum at the regular measure µ ∈ Pw (Rd ) and the
gradient ∇w E ∈ Tµ Pw (Rd ) exists. Then, ∇w E = 0.
Proof. For all ∇ϕ ∈ Tµ Pw (Rd ) holds


E (Id + ∇ϕ)# µ) = E(µ) + h∇w E, ∇ϕiµ + o dw (Id + ∇ϕ)# µ, µ .
Assume that ∇w E 6= 0; choose ∇φ = −∇w E. For t ∈ R,
Z



E (Id + t∇ϕ)# µ = E(µ) − t
|∇w Ek2 dµ + o dw (Id + ∇ϕ)# µ, µ .

(3.11)

(3.12)

Rd

Therefore, for all  > 0 there exists t > 0 s.t. for all ∇ϕ ∈ Tµ Pw (Rd ) satisfying the
condition dw (Id + ∇ϕ)# µ, µ <  holds E (Id + t∇ϕ)# µ < E(µ); hence, µ is not a
minimizer of E. The claim of the lemma follows by contradiction.
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Remark 3.11 (Steepest descent: functional approach). Using the definition of the gradient, one can establish the relationship between a functional and its possible minimizer.
This remark shows that for each functional E one can define a functional H, so that the
Wasserstein gradient of H imposes a dynamic that minimizes the energy E.
For a given functional E : Pw (Rd ) → R ∪ {∞}, define the functional
H : Pw (Rd ) × Pw (Rd ) → R ∪ {∞};
(µ, ν) 7→ E[ν] + dw (µ, ν).

(3.13)

Fix µ0 ∈ Pw (Rd ); assume that the minimum of H(µ0 , ·) exists and is reached at some
µ1 ∈ Pw (Rd ), i.e.
µ1 = arg min H(µ0 , ν).
(3.14)
ν∈Pw (Rd )

Let F be the optimal map from µ0 to µ1 , let (µ, v) be the corresponding constant speed
solution (cf. remark 2.18). If the gradient ∇w E at the point µ0 exists, then it holds
v0 (x) = −∇w E[µ].

(3.15)

Proof. By lemma 3.10, for the point ν = µ1 holds
∇w H(µ0 , ν) = 0,
where the gradient is taken in the second argument. Equivalently,
∇w E[ν] + ∇w dw (µ0 , ν) = 0.
To compute the Wasserstein gradient of the second summand, use remark 3.8: for any
ν ∈ Pw (Rd ), consider the constant speed solution (µ, v) from µ0 to µ1 . Then,
 Z


∂
∂
2
dw µ0 , (Id + tv0 )# µ0
=

v0 (x) dµ0 (x)
= hv0 , v0 iL2 (µ) ,
∂t
∂t
Rd
t=0
t=0
from which formally follows
∇w E[µ] = −v0 (x).

(3.16)

Note that the gradient flow defined by this condition decreases the functional E by construction: indeed, for any small t > 0 it holds
Z



E (Id + tv0 )# µ = E(µ) − t
v02 dµ + o dw (Id + tv0 )# µ, µ .
(3.17)
Rd

Example 3.12 (Steepest descent: differential equation approach). It is possible to search
for curves (µt )t∈R>0 in the quadratic Wasserstein space defined by the equation
∂µ
= −∇w E(µ);
∂t

(3.18)

by construction, solutions of this equation would flow along the steepest descent of the
functional E. This equation is valid in distributional sence; to interpret it in terms of a
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density function gt corresponding to µt , consider a geodesic µt = (1 − t∇w E)# µ0 along
the steepest descent. Let u ∈ L2 (µ) be a test function, t ∈ R>0 , ε > 0. Then,
Z
Z
u(x)dµt+ε (x) = u(x − ε∇w E(x)) dµt (x)
Z
Z
= u(x)dµt (x) − ε ∇u(x) · ∇w E(x) dµt (x) + o(h).
Hence, for regular measures µt (3.18) is equivalent to
Z
Z
∂t u(x)gt (x) dx = − ∇u(x) · ∇E(x)gt (x)dx,
or, integrating by parts and omitting test functions,
∂t gt (x) = ∇ · (∇Ew (x) · gt (x))

(3.19)

with ∇w Ew (x) defined by eq. (3.10).
Remark 3.13. For infinitisemal times t the equation (3.18) can be rewritten in terms
of the velocity. Consider the optimal map between µ0 , µt ∈ Pac (Rd ) ∩ Pw (Rd ) given by
Ft (x) = x + tv0 (x). Then (cf. eq. (2.4)),
µt (x) =

µ0 (Ft−1 (x))
.
| det DFt (x)|

(3.20)

We would like to make use of the Taylor expamsion of µt (x) at t = 0. To do so, observe
that
| det DFt (x)| = 1 + t∇v0 (x) + O(t2 ) for a.e. x ∈ Rd .
This equality is a well-known fact from the determinant calculus (see, e.g., [33]). Therefore,
!
1
µt (x) = µ0 (x) + t ∇µ0 (x) d
− µ0 (x)∇v0 (x) + O(t2 )
F
(x)|
t̃=0
dt̃ t̃


1
− µ0 (x)∇v0 (x) + O(t2 ) as t → 0.
= µ0 (x) + t ∇µ0 (x)
v0 (x)
We assume that µ0 ({v0 (x) = 0}) = 0, so that the equation above is well-posed for µ0 -a.e.
x ∈ Rd . Then,
∇w E[µt (x)] = ∇w E[µ0 (x)] + O(t)
as t → 0. Inserting these equations into (3.18), obtain the following equation:
∇µ0 (x)
− µ0 (x)∇v0 (x) = −∇w E[µ0 ] for µ0 - a.e. x ∈ Rd .
v0 (x)

(3.21)

The Wasserstein gradient ∇w E[µ0 ] is defined by the equation (3.10). The equation above
can be interpreted as an analogon of the “explicit Euler algorithm step”: it allows us to
calculate the velocity v0 (x) of the material distribution µ0 at the time t − 0. Just as the
explicit Euler algorithm, it can not be used for most practical purposes, since it is highly
unstable: after a few steps, the approximation error becomes unacceptably large.
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This section applies the methods of the previous subsection to phase retrieval; specifically,
to the modulus energy functional EM . First, we observe the equation connected to the
gradient flow of EM in the space Pw (Rd ). Then, we discuss some issues regarding the
practical applicability of the established connection between phase retrieval and energy
minimization on Wasserstein space. We recall the definition of λ-geodesic convexity which
is a central notion in the description of gradient flows on Wasserstein spaces (cf. [8]), and
show an inequality indicating that the functional EM is (with certain restrictions that are
defined below) locally λ-geodesically convex. We conclude this section with the discussion
of this result.
Example 3.14 (Steepest descent in Pw (Rd ) for the error modulus functional). As motivated in Section 1, we want to consider gradient flow for phase retrieval functional EM .
To do so, it is necessary to calculate ∇w EM . Let µ0 ∈ Pw (Rd ) ∩ Pac (Rd ) be the initial distribution with the density g ∈ S(Rd ). Assume that phase problem has a solution g1 (x) =
f (x) ∈ S(Rd ); let µ1 ∈ Pw (Rd ) be the corresponding measure. Denote the time-dependent
optimal map (cf. remark 2.18) from g0 to gt by Ft (x) = x + t∇ϕ(x), ϕ ∈ Cc∞ (Rd ). Recall
the modulus error functional as in (1.30):
Z
2
1
|ĝ
(k)|
−
A(k)
dk.
E[gt ] =
t
2(2π)d Rd
To determine ∇w E(x) from the equation (3.10), it is necessary to calculate dtd E[gt ]. Notice
that
Z
Z
−ik·x
ĝt (k) =
e
gt (x)dx =
e−ik·x dµt (x)
d
d
RZ
ZR
−ik·Ft (x)
e
dµ0 (x) =
e−ik·x−ikt∇ϕ(x) dµ0 (x),
=
Rd

Rd

and
d
dt

Z
ĝt (k) =
Rd

t=0

(−ik)∇ϕ(x)e−ik·x g0 (x)dx =: ĝ00 (k).

(3.22)

Hence,
d
dt

Z

 1
1
E[gt ] =
|ĝ0 (k)| − A(k)
ĝ0∗ (k)ĝ00 (k) + ĝ00∗ (k)ĝ0 (k) dk
d
2(2π) Rd
|ĝ0 (k)|
t=0
Z
 ĝ0 (k) 0∗
1
=
|ĝ0 (k)| − A(k)
ĝ (k) dk
(3.23)
d
(2π) Rd
|ĝ0 (k)| 0

(since ĝ0 (−k) = ĝ0∗ (k) and ĝ00 (−k) = ĝ00∗ (k))
Z
Z 
1
ĝ0 (k)
=
1 − A(k)
(ik)∇ϕ(x)eik·x g0 (x) dx dk
(2π)d Rd
|ĝ0 (k)|
Rd
Z



Z
1
ĝ0 (k)
ik·x
=
∇ϕ(x)∇x
e
1 − A(k)
dk g0 (x) dx
(2π)d Rd
|ĝ0 (k)|
Z

=
∇ϕ(x)∇ (1 − PM )g0 (x)g0 (x)dx,
(3.24)
Rd
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(k)
. Note that here and
recalling the modulus projection operator PM (g) = F −1 A(k) |ĝĝ00 (k)|
in further similar calculations it would be more precise to use the expression e−i arg ĝ instead
of the expression ĝ(k)/|ĝ(k)|, since the former is well-defined for ĝ0 (k) = 0. A presize
treatment of the integration in (3.23) would include splitting it into two integrations over
the domains A = {k ∈ Rd | ĝ(k) 6= 0} and Rd /A. This calculation does not alter the
result (3.24) as long as we use the convention ĝ(k)/|ĝ(k)| = e−i arg ĝ (with other words,
ĝ(k)
= 1 for k ∈ A). Therefore,
|ĝ(k)|
∇E[gt ](x) = ∇ψ(x),

(3.25)


 
∂t gt (x) = ∇ gt (x) · ∇ (1 − PM )g0 (x) .

(3.26)

and, by (3.19),

The equation presented in the example above shows that phase retrieval can be expressed
as a differential equation. This equation can be interpreted as the gradient flow of the
material towards a minimum of the energy EM . Analysis of this equation may lead to
better understanding of the existence and uniqueness of phase problem solutions.
Gradient flows generated by the method used above are related to functionals of the form
d2w (µ0 , µt )
,
E[µt ] +
2T

(3.27)

with a time parameter T ∈ R [1, 7, 8]. From the applied point of view, it is easier to
search for minimizers of (3.27) rather than to solve such equation as (3.26). This is still
a cumbersome task, since a search for µt minimizing (3.27) requires search for a solution
of the Kantorovich problem in each step (due to the implicit definition of dw (µ0 , µ1 )).
One can try investigate the gradient flow (3.26) using convergence results from the optimal
transport theory. The behaviour of the gradient flow corresponding to a general energy
functional E is well understood if the functional is well-behaved along the geodesics in
the Wasserstein space [8]; the presize description requires the following notion.
Definition 3.15 (λ-geodesically convex). A functional E : Pw (Rd ) → R is called λgeodesically convex, if for any µ, ν ∈ Pw (Rd ), t ∈ (0, 1),
E[tµ + (1 − t)ν] 6 tE[µ] + (1 − t)E[ν] + λt(1 − t)dw (µ, ν)

(3.28)

for some λ ∈ R.
We can not expect the functional EM to be λ-geodesically convex. (This is suggested
by the fact that non-uniqueness is common for phase retrieval solutions and by the fact
that EM is not convex.) However, it is possible to show that EM is locally λ-geodesically
convex in a certain sence described in the following proposition. Before presenting it, we
recall some useful identities and fix the notation in the lemma 3.16. Beware that in this
proposition the function f denotes not the solution of the phase problem, but just an
approximation to the solution (and is on equal footing with the notation g).
Lemma 3.16. Let f, g ∈ S(Rd ) be the densities of two measures in quadratic Wasserstein
space. Assume that there is a constant speed geodesic between these measures in Pw (Rd )∩
Pac (Rd ). Let
Fh (x) = x + hv(x) for a.e. x ∈ Rd ,
(3.29)
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be the optimal map from f to g, where h > 0, v = ∇φ for some φ ∈ C ∞ (Rd ). Recall
| det DFh (x)|g(Fh (x)) = f (x) for a.e. x ∈ Rd .

(3.30)

Assume that the set {v(x) = 0} has the Lebesgue measure 0. Further, let Fh (x) be
bijective, with vb defined through
Fh−1 (x) = x + hvb (x).

(3.31)

Note that with this definition holds
g(x) = | det DFh−1 (x)|f (Fh−1 (x)) for a.e. x ∈ Rd .

(3.32)

Then:

1
+ O(h) for a.e. x ∈ Rd ,
v(x)
as h → 0. Also, the derivative of g by h from equation (3.32) is
vb (x) =

dg
dh

= ∇f (x) ·
h=0

1
− f (x)∇v(x) for a.e. x ∈ Rd ,
v(x)

(3.33)

(3.34)

and the derivative of f by h from equation (3.30) is
df
dh

= ∇g(x) · v(x) + g(x)∇v(x) for a.e. x ∈ Rd ,

(3.35)

h=0

Proof. Proof of the equation (3.33). By inverse function theorem, we obtain using Taylor
expansion:
Fh−1 (x) = Fh−1 (x)|h=0 + h
=x+h

d
dh

1
d
dh h=0

Fh (x)

Fh−1 (x) + O(h2 )
h=0

+ O(h2 ) = x + h ·

1
+ O(h2 ) for a.e. x ∈ Rd ,
v(x)

as h → 0. From (3.31),
x + hvb (x) = x + h ·

1
+ O(h2 ) for a.e. x ∈ Rd ,
v(x)

from which follows (3.33). This also means that
d
dh

Fh−1 (x) =
h=0

1
v(x)

for a.e. x ∈ Rd ,

which will be useful in the proof of (3.34).
Proof of equations (3.34), (3.35). As mentioned before (cf. [33]),
| det DFh (x)| = x + h∇ · v(x) + O(h2 ),

as h → 0.

From that follows,
| det DFh (x)|−1 = x − h∇ · v(x) + O(h2 ),
The claims (3.34), (3.35) follow by the chain rule.

as h → 0.
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Proposition 3.17. Consider two regular measures in quadratic Wasserstein space with
densities f, g and the notation and assumptions fixed in the lemma above. Then, for all
t ∈ [0, 1]:
E[tf + (1 − t)g] 6 tE[f ] + (1 − t)E[g]
+ t(t − 1)(Cf + Cg )dw (g, f ) + O(d2w (g, f )),

(3.36)

as h → 0, with the notation


Cf = k(∇f ) · (1 − PM )f kL2 + k∇ f (1 − PM )f kL2 ,

(3.37)

and Cg mutatis mutandis.
Proof. To show the claim, use the Taylor expansion of E[tf + (1 − t)g] at f in h (and
at g in h) using (3.35) (resp. (3.34)) and apply Hölder’s inequality. First, consider the
Taylor-expansion of E[tf + (1 − t)g] at f in h:
Z 
2
1
E[tf + (1 − t)g] =
|F(tf + (1 − t)g)(k)| − A(k) dk =
2(2π)d Rd
Z 
2
1
=
|F(tf
+
(1
−
t)g)(k)|
−
A(k)
dk
2(2π)d Rd
h=0
Z 
 F(tf + (1 − t)g)(k)
h
+
|F(tf + (1 − t)g)(k)| − A(k)
(2π)d Rd
|F(tf + (1 − t)g)(k)|
Z
d
g(x)dxdk
+ O(h2 )
×(1 − t)
e−ikx
dh
d
R
=0
h=0
Z
ˆ
 f (k)
1
= E[f ] + h
|fˆ(k)| − A(k)
d
(2π) Rd
|fˆ(k)|
Z
1
× (1 − t)
e−ikx (∇f (x)
− f (x)∇v(x))dxdk + O(h2 )
v(x)
Rd
Z
1
= E[f ] + h(1 − t)
(1 − PM )f (x)(∇f (x)
− f (x)∇v(x))dxdk + O(h2 )
v(x)
d
ZR
= E[f ] + h(1 − t)
(1 − PM )f (x)(∇f (x)vb (x) − f (x)∇v(x))dxdk + O(h2 )
Rd

6 E[f ] + h(1 − t)k(1 − PM )f (x)(∇f (x))kL2 kvb kL2
+ h(1 − t)k∇((1 − PM )f (x)f (x))kL2 kvkL2 + O(h2 )
= E[f ] + (1 − t)Cf dw (g, f ) + O(h2 ).
We used the definition of the projection operator
Z
 ˆ
1
ˆ(k)| − A(k) f (k) e−ikx dk,
(1 − PM )f (x) =
|
f
(2π)d Rd
|fˆ(k)|
and the fact that for constant speed geodesics by Brenier’s theorem holds
hkvkL2 = dw (g, f ) = dw (f, g) = hkvb kL2 .

(3.38)
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In the second to last row of (3.38) we used integration; the boundary terms vanish due
to the assumption f, g ∈ S(Rd ).
Analogously, expanding E[tf + (1 − t)g] at g in h:
Z
 ĝ(k)
1
E[tf + (1 − t)g] = E[g] + h
|ĝ(k)| − A(k)
d
(2π) Rd
|ĝ(k)|
Z
×t
e−ikx (∇g(x)v(x) + g(x)∇v(x))dxdk + O(h2 )
d
R Z
= E[g] + ht
(1 − PM )g(x)(∇g(x)v(x) + g(x)∇v(x))dxdk + O(h2 )
Rd

6 E[f ] + htk(1 − PM )g(x)(∇g(x))kL2 kvkL2
+ htk∇((1 − PM )g(x)g(x))kL2 kvkL2 + O(h2 )
= E[f ] + tCg dw (g, f ) + O(h2 ).

(3.39)

Multiplying (3.38) by t and (3.39) by 1−t and adding them together, obtain the claim.
This proposition indicates that the behaviour of the functional is connected to the gradient
∇g of an approximation g. The inequality shown above indicates that in the regions with
high values of the gredient ∇ the modulus energy functional may be not λ-geodesically
convex. It is still possible to employ algorithms from the optimal transportation, for
example, such as described in [34].
From the analytical point of view, it may be benefitial to consider a space of approximations X containing only approximations with the appropriately bounded gradient. This
requires an investigation of properties of the modulus energy functional on restrictions of
the Wasserstein space. More specifically: is it possible to show convergence properties
of gradient flows (cf., e.g., [8]) in the restriction of the Wasserstein space? From the
applied point of view, such investigation includes design of energy minimizing algorithm
behaviour on the boundary of the subset of the Wasserstein space. With other words: is
it possible (and if so, how) to consider a Wasserstein flow while simultaneously restricting
the gradient norm of the approximations.
Another point of interest concerns the generalization of the energy modulus functional to
the space of distributions: EM,general : S 0 (Rd ) → R>0 , which would allow consideratioin
of general (and not only absolutely continuous measures) in Pw (Rd ). For example, one
could consider the functional
Z
2
1
2
2
|ĝ(k)|
−
A
(k)
dk,
E[g] :=
2(2π)d Rd
whose domain can be easily generalized to S 0 (Rd ) using the autocorrelation measure (cf.
remark 1.10).
Summing up, it is possible to consier phase retrieval as a gradient flow in a Wasserstein
space. The connection of the phase problem to the PDE theory may be used to gain
deeper insight for the existence and uniqueness of phase problem solutions. Another
point of investigation is the question whether the optimal transport algorithms can be
applied to the case of the modulus energy EM or related functionals (convergence of such
algorithms often may be generalized more directly to gradient flows without convexity
properties [34]). Also, it may be profitable to discuss gradient flows on the subset of the
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Wasserstein space on which the phase retrieval energy functionals exhibit geodesically
convex behaviour. The latter consideration includes investigating the behaviour of the
gradient flows on a boundary of a subset of the quadratic Wasserstein space.
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To conclude this thesis, we briefly summarize some of its results.
Phase retrieval and quadratic Wasserstein space
It can be benefitial to discuss phase retrieval (and related questions from X-ray crystallographys, such as phase problem) on the quadratic Wasserstein space. This setting
allows a separation of the non-negativity and the Fourier modulus constraints that are
necessary for phase retrieval. The non-negativity and mass conservation properties are
thus satisfied in a natural way. In this setting, phase retrieval can be thought of as a
transportation problem from some random initial density to the density minimizing an
appropriate energy functional.
Phase retrieval as a gradient flow
In [3] it was shown that the error reduction algorithm can be accessed via the method of
steepest descent. The method of steepest descent was applied to an appropriate functional
(the energy modulus functional EM [g] = k(1 − PM )gkL2 ) using the metric k · kL2 . (The
modulus projection operator is defined by g 7→ PM g := F −1 (ei arg ĝ · A) for any g ∈ S(Rd )
and for the scattering amplitude A ∈ S(Rd ).) In that case, the non-negativity constraint
must be imposed explicitely. The example 3.14 shows that it may be benefitial to explore
this approach with a different metric (namely, the quadratic Wasserstein metric dw ). This
approach leads to the evolution equation

∂t gt = ∇ gt · ∇(1 − PM )gt ,
(4.1)
where gt ∈ S(Rd ) is the density of an absolutely continuous measure in the quadratic
Wasserstein space. This equation connects phase retrieval to the PDE theory, which may
be used to gain a deeper insight on the phase problem.
Convexity properties of EM
An algorithmical implementation of (4.1) can be explored via the related energy minimization problem for the functional
d2w (g0 , g)
,
(4.2)
2T
with an initial density g0 ∈ S(Rd ), the density g ∈ S(Rd ) that minimizes the functional,
and the parameter T ∈ R. It may be benefitial to investigate the numerical behaviour
of the gradient flow defined by (4.2), and to check whether the convergence results for
such algorithms are transferrable to the phase retrieval case (cf., e.g., [34] and references
therein).
The proposition 3.17 indicates that EM shows properties of λ-geodesic convexity under
certain restrictions; namely, conditions
EM [g] +

k(∇g) · (1 − PM )gkL2 < C1 ,
k∇(g · (1 − PM )g)kL2 < C2 ,
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C1, C2 ∈ R, would be sufficient to show local λ-geodesic convesity for in the vicinity of
the absolutely continuous measure with density g.
Open questions
These results indicate that the discussen of phase retrieval in the context of optimal
transport may lead to new results. The gradient flow formulation allows an investigation
of phase retrieval from the PDE point of view.
The challenges presented by the Fourier modulus constraint of phase retrieval do not fall
directly into the λ-geodesically convex setting that is preferable for optimal transport.
However, they exhibit similar properties if the underlying quadratic Wasserstein space is
restricted to a subset. One of the possible choices would be the subset
{µ ∈ Pw (Rd ) | µ ∈ Pac (Rd ) with density g ∈ S(Rd ), so thatk∇gkL2 < R}

(4.3)

for some R ∈ R (or an appropriate closure of this subset). The possible line of investigation
would include the following questions: is EM (or any similar functional representing the
modulus constraint) λ-geodesically convex on that set? Which properties of gradient
flows are valid under this restriction? Another possibility is to try a direct transfer of the
existing gradient flow convergence proofs to the phase retrieval case.
To construct a more general theory of phase retrieval on the quadratic Wasserstein space,
it may be benefitial to consider other energy functionals implementing the modulus constraint, e.g.
Z
1
(|ĝ(k)|2 − A2 (k))2 dk,
(4.4)
E[g] =
2(2π)d Rd
that may be easier to generalize to the domain of tempered distributions.
Another promising direction could be the phase retrieval on the quadratic Wasserstein
space with the additional atomicity constraint. With other words, one assumes that the
number of atoms (peaks) in the solution density is known. In the simplest case, the
transportation problem is then reduced to the discrete rearrangement problem on the
Wasserstein space. The atomicity constraint is relevant for the X-ray crystallography and
can be used to greatly simplify the phase problem description on the Wasserstein space.
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